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Consider a function f : RY — R which is strongly convex, smooth, twice differentiable and second order smooth.
We are interested in minimizing f by steepest descent using its second order derivatives. Newton’s method can
be viewed as minimizing the second order approximation of the function at every iterate. Because f is twice
differentiable and has smooth second derivatives, one can consider its Taylor series approximation till the second
order term to directly and minimize the approximation hoping to also minimize the true function f since the second
order derivatives are smooth.

argmin f(x + Ax) & arg min {f(x) + (Vf(x), Ax) + % (Ax, V2f(x)AX>}
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The Newton step therefore has a closed form expression that can be computed given access to the second order
derivatives of f. Ax is essentially the steepest descent made according the the norm |-||¢- f(x) at x. The decrease
in the function value is therefore

(Vf(x), V2 f(x)"'Vf(x)) (0.2)
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f(x) — min {f(x) + (Vf(x), Ax) + % (Ax, V2f(x)Ax>} =

Ax€eR?

Since f is strongly convex, the decrease is strictly positive. The Newton’s algorithm is therefore an iterative
application of this update.

1 Setup

The function f: RY — R is assumed to satisfy
e Strong convexity and Smoothness: 3 u,L € Ry, > u < L, LI = V2f(x) = pI V x € R%, and
e Second order smoothness: 3 p € R,y > Hsz(x) - VQf(y)H2 <plx—yll, VxyeR%

The second order smoothness parameter p essentially controls how well can the function f be approximated by its
quadratic approximation.

Algorithm 1: Newton’s algorithm (x1, €, {:},cy)
fort=1,2,...do
AP = VIx)TV (%) TV f(xt)
if \7/2 < ¢ then

| return x;
end
Xep1 =X — V2 f (%) IV f (%)

end




2 Analysis

The analysis of the Newton’s method can be broken down into two phases - damped and quadratically convergent,
which we will see why.

For an parameter v > 0, which we will choose later, assume that in the damped phase ||V f(x)|, > 7. From strong
convexity of f, we have

Floen) < FOx0) + (VAGe), 301 =3+ 5 s =l

= f(xe) = (VF(x0), V2f(x) 'V f(x1)) + - Lo V2 f () 'V f (x4 H2
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L 2
< f(xe) — <7lt - 27;) A2 (Using strong convexity of f, and definition of A? in Algorithm 1). (2.1)

Setting 7, = %, Equation (2.1) becomes

f(xes1) < f(xe) — *)\2

2L
< fxe) — 2L2 ||V2 (x¢ H2 (Since L™'T X V2 f(x) ")
< fxi) = 577" (2:2)

Let x* be the minimizer of f. And since the decrease in the function value is at-least a constant, the number of

2
iterations cannot exceed W

Now, let us considering the quadratically convergent phase when ||V f(x¢)||, < 7. Let Ay := —V?2 f(x¢)V f(x¢), then
V2 f (x¢ +mAs) = V2 f(x0)||, = mep A3 (From second order smoothness of f)
= AT (V2F(xe+m) = V2f(x0)) B < mup | (2:3)

Consider f along the direction A; from x; as a new function g(n;) := f(x; +n:A;). Clearly, V2g(n;) = ATV?f(x; +
A )AL, V2g(0) = A2, and Vg(0) = —\2. Now Equation (2.3) is nothing but
V3g(n:) < V2g(0) +mep | Aells

3
= A7+ mp Al
3

<0+ mo St (2.4)
Integrating Equation (2.4) twice, we get
g(ne) < g(0) = ne A7 + %2)\? 677'}52 A7 (2.5)
Setting n; = 1, Equation (2.5) becomes
2 (1 P
o) < Fx) <2 (5 = ) (26)
From the definition of \;, we have
AP = VI(x)V2f(x) "'V (xt)
< I/l
- IIVfl(/2)||2_ .1

Using Equation (2.5) in Equation (2.6), we get

Fxenn) < £00 =3 (3 = oz 197l



1 P
< flxe) = A7 <2 - 27) : (2.8)
Setting v < %, Equation (2.8) becomes

Florn) < flx) — A2

= ) = VI )V (x0) " T (x0). 29)

Therefore, setting 7, = 1 ensures a positive decrease in the function value. Using the second order smoothness
condition, we can bound the gradient at the next step as

IV f(xe1)llo = |V (xe41) = VF(xe) = V2 f (%) A

nt=1
= | [ (72100 m) = V7)) Ay
=0 2
p 2
<2yl
P _ 2
= 5 HVQf(Xt) 1Vf(xt)H2
p 2
< 252 IV f(xe)l5 - (2.10)
Therefore if v = “—; ensures the shrinkage of gradient norms in Equation (2.10). We now have the recurrence
P P ?
L 191l < (o 1970 ) 2.11)
Applying Equation (2.11) recursively for we have that for T > ¢,
2T7t 2T7t
LIVl < (2 Ivil) < (5) (212)
212 2=\ 2u2 2 - \2

From the strong convexity of f, we have
JO) 2 Fx0) + (V70,7 =0 + 4 x = xll

> min { £(6) + (V/(0).y =) + 5 ly =3}

= Fxe) i IV () 2. (2.13)

Using Equation (2.13) in Equation (2.12) we get
2T7t

3
o)~ 1) < - 19l < 2 (3) (2.14)

Therefore, for T' = lglg Qp’TL:

phases, we get a total of

, we have f(xr)— f(x*) < e. Therefore by adding the iterations required in the two

2 2 3
QLM 2 (F(x0) — F(x") + gl ii (2.15)

iterations. It is to note that if |V f(x0)]|, < “—2, then the algorithm doesn’t have to go through the first phase and
the rate of convergence is purely quadratic Wﬁich makes the effective iteration complexity to be

3

2L°0" f(x0) — FOx)L (Vf<xO>||2 > ”p) lgls 2 (2.16)
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