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Abstract

A very important aspect of Machine Learning is Optimization, therefore to have the best results one requires
fast and scalable methods before one can appreciate a learning model. Such algorithms involve minimization of
a class of functions f(x). The set of its minimizers usually do not have a closed form solution, or even if they
have, computing them is expensive in both memory and computation time. Here is where iterative methods
turn up to be easy and handy. Analyzing such algorithms involve mathematical analysis of both the function to
optimize and the algorithm.
This article contains a summary and survey of the theoretical understandings of Large Scale Optimization by
referring some talks, papers, and lectures like [11, 1, 9, 8] and more, that I have come across in the recent. I
hope that the insights of the working of these optimization algorithms will allow the reader to appreciate the
rich literature of large scale optimization methods.

1 Definitions

Before diving into some commonly used and theoretically promising algorithms, we will first understand some
necessary basic concepts. The below set of definitions might not appear well connected in the beginning but are
important and most of them will blend in when we will start analyzing different algorithms.

1.1 Convex sets

In a Euclidean space, a convex set contains all the convex combinations of its points. That is, C is a convex set if
for all x1,x2, . . . ,xn ∈ C,

∑n
i=1 αixi ∈ C ∀ αi ≥ 0 and

∑n
i=1 αi = 1.

1.1.1 Properties

1. If C1, C2, . . . , Cn are convex sets then
n⋂
i=1

Ci is also a convex set.

1.1.2 Examples

1. Convex hull and Convex Cone of a set S is convex.

2. Hyperplanes {x | aTx = b} a 6= 0, and Half-spaces {x | aTx ≤ b} a 6= 0

3. Euclidean ball : B(xc, r) = {x | ‖x− xc‖ ≤ r} = {x + ru | ‖u‖ ≤ 1}

4. Polyhedra : {x | Ax � b,Cx = d}

1.2 Convex functions

Let C be a convex set and f : C → R. Then f is convex if

∀ x1,x2 ∈ C, ∀ t ∈ [0, 1] : f(tx1 + (1− t)x2) ≤ tf(x1) + (1− t)f(x2)

1.2.1 Properties

1. Tangent at all points are under-estimators of the function. That is

f(y) ≥ f(x) + 〈∇f(x),y − x〉 ∀ x,y ∈ C

2. If f is twice differentiable then ∇2f(x) ∀ x ∈ Co is positive semidefinite.

3. All sub-level sets of f , {x | f(x) < a} and {x | f(x) ≤ a} ∀ a ∈ R, are convex sets. Whereas, the functions
whose sub-level set are convex, are called Quasi-convex functions.

4. If fi’s are convex functions for i ∈ [n], then max
1≤i≤n

fi is also a convex function.

5. Point-wise maximum : If g(x,y) is a convex function of x ∀ y ∈ Y, then f(x) = max
y∈Y

g(x,y) is convex for

any arbitrary set Y.
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6. Non-negative weighted sum of convex functions is convex, i.e., if fi’s ∀ i ∈ [n] are n convex functions, then
n∑
i=1

αifi(x) is also a convex function for αi ∈ R+ ∀ i ∈ [n].

7. If f is a convex function, then so is f(Ax + b), where A ∈ Rd×d and b ∈ Rd.

1.2.2 Examples

1. Affine functions f(x) = aTx + b, a ∈ Rd, b ∈ R

2. Affine functions on matrices f(X) = tr(ATX) + b,A ∈ Rn×d, b ∈ R

3. f(x) = 〈x,Ax〉 , A ∈ Sn+.

4. f(X) = − log det(X), X ∈ Sn++

5. All p-norms are convex.

6. Spectral norm : f(X) = ‖X‖2 = (λmax(XTX))
1
2

7. Distance to a convex set X , dist(x,X ) = inf
y∈X

‖x− y‖

8. Indicator function of a convex set X , 1X (x) is a convex function.

1X (x) =

{
0, if x ∈ X
∞, otherwise

1.3 Strongly Convex functions

If a function can be underestimated by some second order Taylor series expansion for all points in its domain, then
the function is a strongly convex function. Formally,

f(y) ≥ f(x) + 〈∇f(x),y − x〉+
µ

2
‖y − x‖22 x,y ∈ dom f

1.3.1 Properties

1. f(x) is µ-strongly convex iff g(x) = f(x)− µ
2 ‖x‖

2
2 is convex.

2. If f is twice differentiable, then ∇2f(x) � µI.

3. If x∗ is the minimizer of the function, minimizing the right hand side of the definition with respect to y, we
get

f(y) ≥ f(x) + 〈∇f(x),y − x〉+
µ

2
‖y − x‖22

≥ min
y∈Rd

{
f(x) + 〈∇f(x),y − x〉+

µ

2
‖y − x‖22

}
= f(x)− 1

2µ
‖∇f(x)‖22

=⇒ f(x∗) ≥ f(x)− 1

2µ
‖∇f(x)‖22 ∀ x ∈ Rd

4. If a function f is µ-strongly convex and continuously differentiable, then ∀ x,y ∈ Rd and α ∈ [0, 1] using
strong convexity at both x and y with respect to αx + (1− α)y, we have

f(x) ≥ f(αx + (1− α)y) + 〈∇f(αx + (1− α)y),x− αx− (1− α)y〉+
µ

2
‖x− αx− (1− α)y‖22

f(y) ≥ f(αx + (1− α)y) + 〈∇f(αx + (1− α)y),y − αx− (1− α)y〉+
µ

2
‖y − αx− (1− α)y‖22

Adding the above inequalities in the weights α and 1− α we get

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y)− α(1− α)
µ

2
‖x− y‖22
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Lemma 1.1. If a convex function f ∈ C1
L, then

〈∇f(x)−∇f(y),x− y〉 ≥ µ ‖x− y‖22

Proof. From strong convexity we have

f(x) ≥ f(y) + 〈∇f(y),x− y〉+
µ

2
‖x− y‖22

f(y) ≥ f(x) + 〈∇f(x),y − x〉+
µ

2
‖x− y‖22

Adding the above two inequalities we get the result.

1.4 Smooth functions

If a function can be overestimated by some second order Taylor series expansion for all points in its domain, then
the function is a smooth function. Formally,

f(y) ≤ f(x) + 〈∇f(x),y − x〉+
L

2
‖y − x‖22 x,y ∈ dom f

1.4.1 Properties

1. If f is twice differentiable, then ∇2f(x) � LI.

2. Lipschitz gradient implies smoothness.

g(t) := f(y + t(x− y))

∴ g(1) = f(x), g(0) = f(y)

and ∇g(t) = 〈f(y + t(x− y)),x− y〉

∵
∫ 1

0

∇g(t)dt = g(1)− g(0)

Now, |f(x)− f(y)− 〈∇f(y),x− y〉| =
∣∣∣∣∫ 1

0

〈∇f(y + t(x− y)),x− y〉 dt− 〈∇f(y),x− y〉
∣∣∣∣

≤
∫ 1

0

|〈∇f(y + t(x− y)),x− y〉 − 〈∇f(y),x− y〉| dt

≤
∫ 1

0

‖∇f(y + t(x− y))−∇f(y)‖2 ‖x− y‖2 dt

≤ ‖x− y‖2
∫ 1

0

Lt ‖x− y‖2 dt

=
L

2
‖x− y‖2

Lemma 1.2. If a convex function f ∈ C1
L, then

〈∇f(x)−∇f(y),x− y〉 ≥ 1

L
‖∇f(x)−∇f(y)‖2

Proof. Using smoothness at both x and y,

−〈∇f(y),x− y〉 ≥ f(y)− f(x) +
L

2
‖x− y‖22

−〈∇f(x),y − x〉 ≥ f(x)− f(y) +
L

2
‖x− y‖22

=⇒ 〈∇f(x)−∇f(y),x− y〉 ≥ L ‖x− y‖22 ≥
1

L
‖∇f(x)−∇f(y)‖22
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1.5 Condition number

The ratio of smoothness and strong convexity is called the condition number (κ) of the function.

κ :=
L

µ

If the function is twice differentiable, and if

µI � ∇2f(x) � LI ∀ x ∈ dom f

then κ = L
µ .

Lemma 1.3. If f ∈ S1
L,µ, then for any x,y ∈ Rd we have,

〈∇f(x)−∇f(y),x− y〉 ≥ µL

µ+ L
‖x− y‖22 +

1

µ+ L
‖∇f(x)−∇f(y)‖22

Proof. Consider a convex function, φ(x) = f(x)− µ
2 ‖x‖

2
2 =⇒ ∇φ(x) = ∇f(x)− µx.

If µ = L, the statement is easily true using strong convexity and Lemma 1.2.
If µ < L, then φ ∈ C1

L−µ and we can invoke Lemma 1.2 to get the result.

1.6 Fenchel Conjugate

Fenchel transformation is used to transform an optimization problem into its corresponding dual problem, which
can often be simpler to solve. The Fenchel conjugate of f is

f∗(z) = sup
x∈dom f

{〈x, z〉 − f(x)}

For intuition in 1-D, for a function f(x), given a slope y, we search for a point x that maximizes the separation
between g(x) := yx and f(x). Once we have found the optimal x∗, we define a function with slope y, passing
through (x∗, f(x∗)). The intercept of the function with the y-axis is −f∗(y).

1.6.1 Properties

1. f∗ is always convex.

2. Fenchel-Young inequality : f(x) + f∗(y) ≥ 〈x,y〉.

3. In general, f∗∗(x) ≤ f(x).

4. f is convex and lower semi-continuous ⇐⇒ f∗∗(x) = f(x).

5. f(x) is L-smooth ⇐⇒ f∗(x) is 1
L -strongly convex.

6. f(x) is µ-strongly convex ⇐⇒ f∗(x) is 1
µ -smooth.

1.6.2 Examples

1. f(x) = ‖x‖ =⇒ f∗(z) = 1‖.‖∗≤1(z). Where ‖z‖∗ is the operator norm of zT .

∵ zTx ≤ ‖x‖ ‖z‖∗.

2. f(x) = 1X (x) =⇒ f∗(z) = supx∈X 〈x, z〉

3. f(x) = 1
2xTQx =⇒ f∗(y) = 1

2yTQ−1y ∀ Q ∈ Sn++

1.7 Sub-gradients

Sub-gradient is a generalization of gradients. g is a sub-gradient of f at y if

f(x) ≥ f(y) + 〈g,x− y〉

When a function is non-differentiable, we can have multiple such vector satisfying the above inequality, therefore
the set of all sub-gradients is called the sub-gradient or sub-differential set. That is,

∂f(y) = {g | f(x) ≥ f(y) + 〈g,x− y〉 ∀ x ∈ dom f}
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1.7.1 Properties

1. ∂f(x) is a closed convex set.

2. ∂f(x) is non-empty when f is convex.

3. ∂f(x) = {∇f(x)} if f is differentiable at x.

4. ∂(αf) = α∂f ∀ α > 0.

5. ∂(f1 + f2) ⊂ ∂f1 + ∂f2.

1.7.2 Examples

1. f(x) = |x|, then ∂f(0) = [−1, 1].

2. If f(x) = max
1≤i≤m

fi(x) =⇒ ∂f = Conv ∪ {∂fi | fi(x) = f(x)}.

1.8 Projection operator

Projection of a point y on to a set X is the closest point on the set.

PX (y) = arg min
x∈X
‖x− y‖22

= arg min
x∈Rd

‖x− y‖22 + 1X (x)

1.8.1 Properties

1. If X is closed and convex, projection is unique.

2. x∗ = P (x) iff 〈x∗ − x, z− x∗〉 ≥ 0 ∀ z ∈ X

3. If X is closed and convex, projection is non-expansive, that is

‖PX (x)− PX (y)‖2 ≤ ‖x− y‖2 ∀ x,y ∈ Rn

1.9 Fermat’s rule, Normal Cone and first order condition

f : Rn → (−∞,∞],
Then, arg min f = zer(∂f) := {x ∈ Rn | 0 ∈ ∂f(x)}

∴ min f(x) s.t. x ∈ X becomes min f(x) + 1X (x) where 1X is the indicator function which is 1 if x ∈ X , else 0.
∴ from Fermat’s rule, 0 ∈ ∂(f + 1X )(x).
Or, 0 ∈ ∂f(x) + ∂1X (x). From the definition of sub-gradients, if x ∈ X , then g ∈ ∂1X (x) iff 1X (y) ≥ 1X (y) +
〈g,y − x〉 ∀ y ∈ Rn.

That is, if x ∈ X and 0 ≥ 〈g,y − x〉, then g ∈ ∂1X (x).
The normal cone of X at x is defined as

NX (x) := {g ∈ Rn | 0 ≥ 〈g,y − x〉 ∀ y ∈ X}

∴ min
x∈X

f(x) reduces to finding x∗ 3 0 ∈ ∇f(x∗) +NX (x∗).

Or, −∇f(x∗) ∈ NX (x∗) =⇒ 〈∇f(x∗),y − x∗〉 ≥ 0 ∀ y ∈ X
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1.10 Lagrangian Dual problem

Let convex functions fi : Rn → R(0 ≤ i ≤ m)

min f0(x)

s.t. fi(x) ≤ 0 1 ≤ i ≤ m

x ∈
m⋃
i=0

dom fi

For a primal problem, there is a Lagrangian associated with it where the constraints are brought up into the
objective function. The Lagrangian is defined as

L(x,λ) := f0(x) +

m∑
i=1

λifi(x)

where λi’s are non-negative are called Lagrange multipliers.
If x is feasible, then clearly f0(x) ≥ L(x,λ). ∴ L(x,λ) is a trivial lower-bound to the objective function.
Lagrange dual g as a function of the Lagrange multipliers is the worst such lower bound for the objective function.

g(λ) := inf
x∈X
L(x,λ)

Since the Lagrangian is a linear function in λ, therefore the point-wise minimization over a family of such functions
is concave. Therefore g is concave in λ.
∴ f0(x) ≥ g(λ) ∀ x feasible and λ ∈ Rm+ .
∴ p∗ := min

x
f0(x) ≥ g(λ) ∀ λ ∈ Rm+ .

Dual problem is therefore defined as
sup

λ∈Rm+
g(λ)

∴ p∗ ≥ d∗ := sup
λ∈Rm+

g(λ).

1.11 KKT Conditions

min f0(x)

s.t. fi(x) ≤ 0 1 ≤ i ≤ m

x ∈
m⋃
i=0

dom fi

If strong duality is attained, ∃ (x∗,λ∗) 3
∇xL(x,λ∗) |x=x∗= ∇f0(x∗) +

m∑
i=1

λ∗i fi(x
∗) = 0.

∴
m∑
i=1

λ∗i fi(x
∗) = 0 ∴ λ∗i fi(x

∗) = 0. If strong duality holds and (x∗,λ∗) exists, then KKT conditions are necessary

for (x∗,λ∗) to be optimal.

If the problem is convex, KKT conditions are sufficient.

1. fi(x
∗) ≤ 0 1 ≤ i ≤ m

2. λ∗i ≥ 0 1 ≤ i ≤ m

3. λ∗i fi(x
∗) = 0 1 ≤ i ≤ m (Complementary slackness)

4. ∇xL(x,λ∗) |x=x∗= 0 (Lagrangian stationary)
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1.12 Stationary points

A stationary point is a point in the parameter space where the norm of the gradient vanishes. In optimization we
define an ε-first order stationary point for which the norm of the gradient is at maximum ε. That is, x is an ε-first
order stationary point of the function f ∈ C1 if ‖∇f(x)‖2 ≤ ε for ε > 0.

2 Lower bounds on gradient based methods

Below are some famous lower bounds for optimization in the literature.

1. Lipschitz-continuous : If f is any L-Lipschitz continuous function, after t iterations, the error of any
algorithm is Ω(t−

1
d ), where d is the dimension of the parameter space.

2. Non-smooth : Let A be a first order method starting from x0 ∈ Rd that has the access to first order non-
stochastic oracle. Assume that the solution x∗ to the minimization problem min

x
f(x) exists and ‖x0 − x∗‖2 ≤

R and the function is L-Lipschitz on {x | ‖x0 − x∗‖2 ≤ R}. Then for any t, 0 ≤ t ≤ d−1, there exists function
f such that

f(xt)− f(x∗) ≥ LR

1 +
√
t+ 1

Note that sequence {xt} satisfies xt+1 = x0 + span(g(x0),g(x1), . . . ,g(xt)).

3. Smooth : Similar setup. For 0 ≤ t ≤ (d− 1)/2 and any x0, there exists a function f in the class of functions
which is infinitely differentiable with a L-Lipschitz gradient such that any first order method satisfies

f(xt)− f(x∗) ≥
3L ‖x0 − x∗‖22

32(t+ 1)2

4. Strongly convex and Smooth : For any x0 ∈ Rd, µ > 0, and κ > 1, there exists an infinitely differentiable
function f that is µ-strongly convex and has L-Lipschitz gradient, for which for any first order method, we
have

‖xt − x∗‖2 ≥
(√

κ− 1√
κ+ 1

)2t

‖x0 − x∗‖2

f(xt)− f(x∗) ≥ µ

2

(√
κ− 1√
κ+ 1

)2t

‖x0 − x∗‖2

3 Sub-gradient method

We can solve convex optimization problem in polynomial time by interior point methods. But these solvers require
O
(
d2
)

or worse cost per iteration which is practically infeasible when d is large. A greedy, cheap and a locally
optimal way to decrease a convex function’s value is to iteratively move in a negative sub-gradient direction.
Algorithmically,

xt+1 = xt − ηtgt

gt ∈ ∂f(xt), and ηt > 0 is the step length. Here each per iteration cost is just O (d) which makes these methods
feasible in practice.
Assumptions : f is L-Lipschitz, therefore ‖gt‖2 ≤ G := L, and domain is bounded, i.e., ‖x0 − x∗‖2 ≤ R.

3.1 General convex functions

In general, when a convex function is non-smooth and non-strongly convex, we can guarantee some convergence
rates associated with sub-gradient descent.
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3.1.1 Convergence

We consider our Lyapunov function to be squared Euclidean distance from x∗ and not the difference in function
value to the optimal,

‖xt+1 − x∗‖22 = ‖xt − ηtgt − x∗‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2 〈ηtgt,xt − x∗〉

≤ ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt(f(xt)− f(x∗)) (∵ f(x∗) ≥ f(xt) + 〈gt,x∗ − xt〉) (3.1.1)

Telescoping (3.1.1) from t = 1 to T , we get

‖xT+1 − x∗‖22 ≤ ‖x1 − x∗‖22 +

T∑
t=1

η2
t ‖gt‖

2
2 − 2

T∑
t=1

ηt(f(xt)− f(x∗))

=⇒ 2

T∑
t=1

ηt(f(xt)− f(x∗)) ≤ ‖x1 − x∗‖22 +

T∑
t=1

η2
t ‖gt‖

2
2 − ‖xT+1 − x∗‖22

≤ ‖x1 − x∗‖22 +
T∑
t=1

η2
t ‖gt‖

2
2

≤ R2 +G2
T∑
t=1

η2
t

∴ 2 min
1≤t≤T

(f(xt)− f(x∗))

T∑
t=1

ηt ≤ 2

T∑
t=1

ηt(f(xt)− f(x∗))

≤ R2 +G2
T∑
t=1

η2
t

=⇒ εt := min
1≤t≤T

(f(xt)− f(x∗)) ≤
R2 +G2

T∑
t=1

η2
t

2
T∑
t=1

ηt

Now we can choose different step-sizes to see how the convergence is affected

1. Constant : If ηt = η εt ≤ R2+G2Tη2

2Tη → G2η
2 as T →∞.

2. Square summable but not summable :
∞∑
t=1

η2
t <∞ and

∞∑
t=1

ηt =∞.

For fixed t, the best possible step-size is a constant ηt = R
G
√
t
, then after T steps, εt ≤ RG√

T
. Therefore for ε

accuracy in function value, we need at least
(
RG
ε

)2
= O

(
1
ε2

)
steps.

3.2 Strongly convex functions

If a function is µ-strongly convex, we can use this information to modify the convergence analysis to get a better
convergence rate.

3.2.1 Convergence

We consider our Lyapunov function to be squared Euclidean distance from x∗ and not the difference in function
value to the optimal,

‖xt+1 − x∗‖22 = ‖xt − ηtgt − x∗‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2 〈ηtgt,xt − x∗〉

≤ ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt(f(xt)− f(x∗))− 2ηt

µ

2
‖xt − x∗‖22 (using strong convexity at xt)
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= (1− ηtµ) ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt(f(xt)− f(x∗)) (3.2.1)

Setting ηt = 1
µt , equation (3.2.1) becomes

‖xt+1 − x∗‖22 ≤
t− 1

t
‖xt − x∗‖22 +

G2

µ2t2
− 2

µt
(f(xt)− f(x∗))

=⇒ t ‖xt+1 − x∗‖22 ≤ (t− 1) ‖xt − x∗‖22 +
G2

µ2t
− 2

µ
(f(xt)− f(x∗)) (3.2.2)

Telescoping (3.2.2) from t = 1 to T , we get

T ‖xT+1 − x∗‖22 ≤ −
2

µ

T∑
t=1

(f(xt)− f(x∗)) +
G2

µ2

T∑
t=1

1

t

=⇒ 2

µ

T∑
t=1

(f(xt)− f(x∗)) ≤ −T ‖xT+1 − x∗‖22 +
G2

µ2

T∑
t=1

1

t

≤ G2

µ2

T∑
t=1

1

t

=
G2

µ2
O (log T )

∵
2T

µ
min

1≤t≤T
(f(xt)− f(x∗)) ≤ 2

µ

T∑
t=1

(f(xt)− f(x∗))

≤ G2

µ2
O (log T )

=⇒ εt := min
1≤t≤T

(f(xt)− f(x∗)) ≤ G2

2µ
O
(

log T

T

)
3.3 Smooth functions

If a convex function has L-Lipschitz gradient, we can use this information to modify the convergence analysis to
get a better convergence rate than that for general convex functions.

3.3.1 Convergence

‖∇f(x)−∇f(y)‖2 ≤ L ‖x− y‖2

=⇒ f(x) ≤ f(y) + 〈∇f(y),x− y〉+
L

2
‖x− y‖22

Considering the squared Euclidean distance from the optimal,

‖xt+1 − x∗‖22 = ‖xt − ηtgt − x∗‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2ηt 〈gt,xt − x∗〉

= ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt 〈gt − g∗,xt − x∗〉 (where g∗ ∈ ∂f(x∗))

≤ ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 −

2ηt
L
‖gt − g∗‖22 (Using Lemma 1.2)

≤ ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 −

2ηt
L
‖gt‖22

= ‖xt − x∗‖22 − ηt
(

2

L
− ηt

)
‖gt‖22

Therefore for ηt <
2
L , the distance from the optimal decreases monotonically.

Using smoothness for two consecutive iterates,

f(xt+1) ≤ f(xt) + 〈∇f(xt),xt+1 − xt〉+
L

2
‖xt+1 − xt‖22
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= f(xt)− ηt ‖∇f(xt)‖22 +
η2
tL

2
‖∇f(xt)‖22

= f(xt)− ηt
(

1− ηtL

2

)
‖∇f(xt)‖22 (3.3.1)

Therefore again, for ηt <
2
L we have descent but we will choose ηt = 1

L as it is the minimizer.
We define ∆t := f(xt)− f(x∗)

f(xt)− f(xt+1) ≥ 1

2L
‖∇f(xt)‖22

=⇒ ∆t+1 ≤ ∆t −
1

2L
‖∇f(xt)‖22 (3.3.2)

From convexity,

∆t = f(xt)− f(x∗) ≤ 〈∇f(xt),xt − x∗〉 ≤ ‖∇f(xt)‖2 ‖xt − x∗‖2

=⇒ −‖∇f(xt)‖22 ≤
−∆2

t

‖xt − x∗‖22
(3.3.3)

Plugging in equation (3.3.3) in equation (3.3.2), we get

∆t+1 ≤ ∆t

(
1− ∆t

2L ‖xt − x∗‖22

)
≤ ∆t

(
1− ∆t

2L ‖x1 − x∗‖22

)
(3.3.4)

Since ∆t

2L‖x1−x∗‖2
< 1,

1

∆t+1
≥ 1

∆t

1(
1− ∆t

2L‖x1−x∗‖22

) ≥ 1

∆t

(
1 +

∆t

2L ‖x1 − x∗‖22

)

=⇒ 1

∆t+1
≥ 1

∆t
+

1

2L ‖x1 − x∗‖22
(3.3.5)

Telescoping equation (3.3.5) from t = 1 to T , we get

1

∆T
≥ 1

∆1
+

T

2L ‖x1 − x∗‖22
(3.3.6)

Re-arranging (3.3.6), we get

∆T ≤
2∆1L ‖x1 − x∗‖22

T∆1 + 2L ‖x1 − x∗‖22
(3.3.7)

Using smoothness at x∗ we have

∆1 ≤
L

2
‖x1 − x∗‖22 =⇒ 4∆1 ≤ 2L ‖x1 − x∗‖22 (3.3.8)

Plugging equation (3.3.8) in equation (3.3.7) we get

∆T ≤
2∆1L ‖x1 − x∗‖22

(T + 4)∆1
=

2L ‖x1 − x∗‖22
T + 4

= O
(

1

T

)

3.4 Smooth and Strongly convex functions

If a convex function is µ-strongly convex as well as if its gradient is L-Lipschitz, we have geometric rates of
convergence.
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3.4.1 Convergence

Considering the squared Euclidean distance from the optimal,

‖xt+1 − x∗‖22 = ‖xt − ηtgt − x∗‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2ηt 〈gt,xt − x∗〉

= ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt 〈gt − g∗,xt − x∗〉

≤ ‖xt − x∗‖22 + η2
t ‖gt‖

2
2 − 2ηt(

µL

µ+ L
‖xt − x∗‖22 +

1

µ+ L
‖∇f(xt)−∇f(x∗)‖22)

(Using Lemma 1.3)

=

(
1− 2ηtµL

µ+ L

)
‖xt − x∗‖22 + +ηt

(
ηt −

2

µ+ L

)
‖gt‖22

Therefore when ηt <
2

µ+L , we have a decrease. Therefore for 0 < ηt ≤ 2
µ+L , we get

‖xt+1 − x∗‖22 ≤
(

1− 2ηtµL

µ+ L

)
‖xt − x∗‖22

To get the maximum decrease, we set ηt = 2
µ+L . Therefore,

‖xt+1 − x∗‖22 ≤
(
L− µ
L+ µ

)2

‖xt − x∗‖22 =⇒ ‖xt+1 − x∗‖22 ≤
(
κ− 1

κ+ 1

)2

‖xt − x∗‖22 (3.4.1)

Recursing (3.4.1) we get a geometric convergence rate in parameter space.

‖xT+1 − x∗‖22 ≤
(
κ− 1

κ+ 1

)2T

‖x1 − x∗‖22 (3.4.2)

Using smoothness at x∗, i.e., f(xT+1)− f(x∗) ≤ L
2 ‖xT+1 − x∗‖2, we get

f(xT+1)− f(x∗) ≤ L

2

(
κ− 1

κ+ 1

)2T

‖x1 − x∗‖22 (3.4.3)

4 Projected Sub-gradient method

When the feasible set of parameters is constrained, we need to project the iterate to the feasible set.

zt+1 = xt − ηtgt
xt+1 = PX (zt+1)

As we have seen in section 1.8, projection on to closed and convex set is non-expansive. That is

‖PX (x)− PX (y)‖22 ≤ ‖x− y‖22 ∀ x,y ∈ Rn

where X is a closed and convex set. Therefore to analyze its convergence, we just need to modify (3.1.1) as

‖xt+1 − x∗‖22 = ‖PX (xt − ηtgt)− x∗‖22
≤ ‖xt − ηtgt − x∗‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2 〈ηtgt,xt − x∗〉

And the analysis proceeds in a similar way with similar convergence rates.
Some commonly used projection operations and their closed form solution are listed below

1. Non-negativity: X = {x | xi ≥ 0 ∀ i ∈ [d]} =⇒ PX (z) = [z]+

2. `∞ ball: X = {x | ‖x‖∞ ≤ 1},∵ PX (z) = arg min
x∈X
‖x− z‖22, this minimization is coordinate separable and

PX (z) = y where yi = sign(zi) min{|zi|, 1}.
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3. Linear Equality constraint: X = {x | Ax = b}, A ∈ Rn×d has rank n.

=⇒ PX (z) = z−AT (AAT )−1(Az− b)

= (I−AT (AAT )−1A)z + AT (AAT )−1b

For the update step, using Axt = b,

xt+1 = PX (xt − ηtgt)
= xt − ηt(I−AT (AAT )−1A)gt

5 Proximal Gradient Descent

Suppose we have a composite objective function of the form

f(x) = l(x) + r(x)

Consider examples like l(x) = 1
2 ‖Ax− b‖22 and r(x) = λ ‖x‖1. r(x) in this problem is non-smooth which makes

f(x) also a non-smooth objective. Therefore according to the lower bounds we saw in Section 2, we cannot achieve
a better rate than O( 1√

T
). Therefore any algorithm which takes just the sub-gradient information cannot lead to

anything better. What we know about such objective is that it is a sum of a smooth and a non-smooth function.
This fact can be exploited by the Proximal Gradient method.

For projected gradient descent we have

min
x∈X

f(x)

xt+1 = PX (xt − ηtgt)

For proximal gradient descent we have

min f(x) + h(x)

xt+1 = proxηh (xt − η∇f(x))

Here proxηh (.) denotes the Euclidean proximity operator for h.

5.1 Proximity operator

The projection operator as we had defined in Section 1.8 is

PX (y) = arg min
x∈Rd

‖x− y‖22 + 1X (x)

For defining the proximal gradient we just replace the indicator function with the non-smooth component of the
objective, i.e.,

proxh (y) = arg min
x∈Rd

‖x− y‖22 + h(x)

5.1.1 Examples :

For Lasso linear regression,

min
x∈Rd

1

2
‖x− y‖22 + λ ‖x‖1

We can split the problem into each coordinate and have d sub-problems of the form

min
R

1

2
(x− y)2 + λx

The operator that maps x to the minimizer is called the soft-thresholding operator which is

soft(x, λ) := sign(x)(|x| − λ)+

14



5.1.2 Understanding the operator

From Fermat’s rule in Section 1.9, we have

0 ∈ ∇f(x∗) + ∂h(x∗)

0 ∈ η∇f(x∗) + η∂h(x∗)

x∗ ∈ η∇f(x∗) + (I + η∂h)(x∗)

x∗ − η∇f(x∗) ∈ (I + η∂h)(x∗)

x∗ = (I + η∂h)−1(x∗ − η∇f(x∗))

Defining the operator (I + η∂h)−1 as proxηh (.) we obtain the fixed point iteration as

xt+1 = proxηth (xt − ηt∇f(xt))

Therefore if Gη(x) := 1
α (x− proxηh (x− η∇f(x))), we get an equality similar to the gradient descent step,

xt+1 = xt − ηtGηt(xt)

This gradient descent like mapping is called gradient mapping.

5.2 Convergence

For f ∈ C1
L, let y = x− ηGηx, then ∀ z we have

f(y) ≤ f(x) + 〈∇f(x),y − x〉+
L

2
‖y − x‖22

= f(x)− η 〈∇f(x), Gη(x)〉+
η2L

2
‖Gη(x)‖2

≤ f(x)− η 〈∇f(x), Gη(x)〉+
η

2
‖Gη(x)‖22

(
if 0 ≤ η ≤ 1

L

)
(5.2.1)

From convexity of f , we have

f(x) ≤ f(z)− 〈∇f(x), z− x〉 ∀ z ∈ Rd (5.2.2)

Adding Equation (5.2.1) and (5.2.2) we get

f(y) ≤ f(z)− 〈∇f(x), z− x〉 − 〈∇f(x), ηGη(x)〉+
η

2
‖Gη(x)‖22 (5.2.3)

From convexity of h, we have

h(y) ≤ h(z)− 〈Gη(x)−∇f(x), z− y〉 (5.2.4)

Adding equation (5.2.3), (5.2.4) and using the fact that y = x− ηGη(x), we get

f(y) + h(y) ≤ f(z) + h(z) + 〈Gη(x),y − z〉 − 〈∇f(x), z− x + ηGη(x)− z + y〉+
η

2
‖Gη(x)‖22

= f(z) + h(z) + 〈Gη(x),x− z〉+ 〈Gη(x),y − x〉+
η

2
‖Gη(x)‖22

= f(z) + h(z) + 〈Gη(x),x− z〉 − η

2
‖Gη(x)‖22 (5.2.5)

The above inequality with φ = f + h, y = xt+1 and x = xt shows that it is a descent method.

φ(xt+1) ≤ φ(xt)−
η

2
‖Gη(xt)‖22

With z = x∗ in Equation (5.2.5) we can start analyzing the convergence of Proximal Gradient method for smooth
functions.

φ(xt+1)− φ(x∗) ≤ 〈Gη(xt),xt − x∗〉 − η

2
‖Gη(xt)‖22
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=
1

2η

[
〈2ηGη(xt),xt − x∗〉 − ‖ηGη(xt)‖22

]
=

1

2η

[
‖xt − x∗‖22 − ‖xt+1 − x∗‖22

]
(5.2.6)

Summing Equation (5.2.6) from t = 1 to T , and setting η = 1
L we get

T (φ(xT )− φ(x∗)) ≤
T∑
t=1

(φ(xt)− φ(x∗)) ≤ L

2

T∑
t=1

(‖xt − x∗‖22 − ‖xt+1 − x∗‖22)

=
L

2

[
‖x1 − x∗‖22 − ‖xT+1 − x∗‖22

]
≤ L

2
‖x1 − x∗‖22

=⇒ φ(xT )− φ(x∗) ≤ L

2T
‖x1 − x∗‖22

Therefore when φ is not a completely smooth function, but a sum of smooth and non-smooth function, we can still
achieve the known O( 1

T ) sub-optimality rate.

6 Conditional Gradient method (Frank Wolfe algorithm)

If we want to perform constrained minimization over a convex set X of diameter R := sup
x,y∈X

‖x− y‖2, and the

projection operator is expensive, we might always want to stay inside the set X . Here comes the importance of the
classically well known algorithm called Conditional gradient method or the Frank-Wolfe algorithm.

Algorithm 1: Frank Wolfe algorithm

Initialize : x0 ∈ X , {ηt, ∀ t ∈ N}
for t = 1, 2, . . . do

vt = arg min
x∈X
〈x,∇f(xt)〉

xt+1 = xt + ηt(vt − xt)
end

As we could see, the iterates vt and xt always stay inside the set X for all t as xt+1 is a convex combination of xt
and vt. It is to note that the direction vt − xt may not be the direction of the negative gradient at xt.

6.1 Convergence

We will analyze the algorithm for the function class of L-smooth and convex functions. Therefore if f(x) is an
L-smooth convex function we have

f(xt+1)− f(x∗) = f(xt + ηt(vt − xt))− f(x∗)

≤ f(xt)− f(x∗) + ηt 〈∇f(xt),vt − xt〉+
η2
tL

2
‖vt − xt‖22

≤ f(xt)− f(x∗) + ηt 〈∇f(xt),x
∗ − xt〉+

η2
tL

2
‖vt − xt‖22 (Optimality of vt)

≤ f(xt)− f(x∗) + ηt(f(x∗)− f(xt)) +
η2
tL

2
‖vt − xt‖22 (Convexity of f)

≤ (1− ηt)(f(xt)− f(x∗)) +
η2
tLR

2

2
(6.1.1)

Setting ηt = 2
t max {1, f(x1)− f(x∗)}, we induct on the hypothesis that

f(xt)− f(x∗) ≤ 2LR2

t
max {1, f(x1)− f(x∗)} (6.1.2)

Assuming (6.1.2) we have

f(xt+1)− f(x∗) ≤
(

1− 2

t
max {1, f(x1)− f(x∗)}

)
2LR2

t
max {1, f(x1)− f(x∗)}+

LR2

2

4

t2
max {1, f(x1)− f(x∗)}2
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≤ 2LR2 max {1, f(x1)− f(x∗)}
t

(
1− max {1, f(x1)− f(x∗)}

t

)
≤ 2LR2 max {1, f(x1)− f(x∗)}

t

(
1− 1

t

)
≤ 2LR2

t+ 1
max {1, f(x1)− f(x∗)}

(
∵
t− 1

t
≤ t

t+ 1

)
(6.1.3)

Therefore, if the algorithm is run for T iterations, we get the upper bound on the sub-optimality gap as

f(xT )− f(x∗) ≤ 2LR2

T
max {1, f(x1)− f(x∗)} (6.1.4)

6.2 Examples

We will now discuss the commonly used constraints and their closed form minimizers of the inner product with the
gradients. Norm constrained minimizations over the set ‖x‖ ≤ r, are very common, therefore for any general norm,
the arg min step of the algorithm reduces to

arg min
‖x‖≤r

〈x,∇f(xt)〉 = −r · arg max
‖x‖≤1

〈x,∇f(xt)〉

= −r · ∂ ‖∇f(xt)‖∗ (6.2.1)

where ‖·‖∗ corresponds to the dual norm of ‖·‖. Below are some commonly used norms and their dual norms.

1. For `1 norm, the corresponding dual norm is the `∞ norm. Therefore we have vt = −r · sign(∇ikf(xt)) · eik ,
where ik ∈ arg max

i
|∇if(xt)|. Note that this simpler compare to projection on to `1 norm ball though both

require O(d) operations.

2. For `p norms, the corresponding dual norm is the `q norms such that 1
p + 1

q = 1 is satisfied, for p ∈ [1,∞].

Then we have (vt)i = −α · sign (∇if(xt)) · |∇if(xt)|
p
q where α is such that ‖vt‖q = r. Note that this is easier

than projection on to the `p norm ball for a general p ∈ [1,∞].

3. For trace norm ‖·‖Tr, the corresponding dual norm is the operator norm ‖·‖2. Therefore we will have Vt =
−r · uvT where u and v are the leading left and right singular vectors of ∇f(Xt). Here Vt and Xt are
matrices corresponding to vt and xt in the algorithm. Note that for the projection operator would need to
compute the full SVD of ∇f(Xt) whereas here we just need the leading left and right singular vectors which
is relatively cheaper to compute.

7 Stochastic Gradient Descent

When our data is large scale, computing the exact gradient turns out to be very expensive. Stochastic optimization
methods make it possible to reduce the computational complexity of each iterative step and still provide good
optimization and generalization rates. Instead of computing the exact gradient, these methods have access to the
noisy stochastic first order oracle.
If the function f can be decomposed into an empirical mean of n functions {fi, i = 1, 2, . . . , n}, i.e.,

f(x) =
1

n

n∑
i=1

fi(x)

Therefore we have a trivial unbiased estimator for sub-gradients, i.e., ∂fi(x) for i sampled from U([n])
Therefore,

g(x) := E [∂fi(x)] s.t. g(x) ∈ ∂f(x)

Considering the objective function as
min
x∈X

f(x)

We get an iterative update rule as
xt+1 = PX (xt − ηtgt)

where gt := ∂fi(xt) is a random variable for i ∼ U([n]).
To note, xt depends on random variables, i1, i2, . . . , it−1 all sampled independently from U([n]).
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7.1 General convex functions

f is a general convex function with bounded stochastic gradient, i.e., ‖gt‖2 ≤ G and with finite domain, i.e.,
‖x− x∗‖2 ≤ R ∀ x ∈ X .

7.1.1 Convergence

Define Rt := ‖xt − x∗‖22 and rt := E [Rt] = E
[
‖xt − x∗‖22

]
.

Rt+1 = ‖xt+1 − x∗‖22
= ‖PX (xt − ηtgt)− PX (x∗)‖22
≤ ‖xt − x∗ − ηtgt‖22
= Rt + η2

t ‖gt‖
2
2 − 2ηt 〈gt,xt − x∗〉

Taking expectations and using the bound on ‖gt‖22, we get

rt+1 ≤ rt + η2
tG

2 − 2ηtE [〈gt,xt − x∗〉] (7.1.1)

Using the fact that xt is dependent only on i1, i2, . . . , it−1

E [〈xt − x∗,gt〉] = E [E [〈xt − x∗,gt〉 | i1, i2, . . . , it−1]]

= E [〈xt − x∗,E [gt | i1, i2, . . . , it−1]〉]
= E [〈xt − x∗, g(xt)〉] g(xt) ∈ ∂f(xt) (7.1.2)

Plugging Equation (7.1.2) in Equation (7.1.1), we get

rt+1 ≤ rt + η2
tG

2 − 2ηtE [〈xt − x∗, g(xt)〉]

Because f is convex, we have

f(x∗) ≥ f(xt) + 〈g(xt),x
∗ − xt〉

〈g(xt),xt − x∗〉 ≥ f(xt)− f(x∗)

=⇒ −2ηtE [〈xt − x∗, g(xt)〉] ≤ −2ηt(f(xt)− f(x∗)) (7.1.3)

Plugging Equation (7.1.3) in Equation (7.1.1), we get

rt+1 ≤ rt + η2
tG

2 − 2ηt(f(xt)− f(x∗))

=⇒ 2ηt(f(xt)− f(x∗)) ≤ rt − rt+1 + η2
tG

2 (7.1.4)

Telescoping Equation (7.1.4) from t = 1 to T we obtain

T∑
t=1

2ηt(f(xt)− f(x∗)) ≤ r1 − rT +G2
T∑
t=1

η2
t

≤ r1 +G2
T∑
t=1

η2
t

Defining γt = ηt
T∑
i=1

ηi

and
T∑
t=1

γt = 1,

E

[
T∑
t=1

γt(f(xt)− f(x∗))

]
≤
r1 +G2

T∑
t=1

η2
t

2
T∑
t=1

ηt

(7.1.5)
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Now we define x̄T :=
T∑
t=1

γtxt, therefore from the convexity of f , f(x̄T ) ≤
T∑
t=1

γtf(xt).

Therefor Equation (7.1.5) can now be written as

E [f(x̄t)− f(x∗)] ≤
r1 +G2

T∑
t=1

η2
t

2
T∑
t=1

ηt

≤
R2 +G2

T∑
t=1

η2
t

2
T∑
t=1

ηt

If for T fixed and ηt = η for 1 ≤ t ≤ T , we have

E [f(x̄t)− f(x∗)] ≤ R2 +G2Tη2

2Tη
→ G2η

2
as T →∞ (7.1.6)

Equation (7.1.6) minimizes for η = R
G
√
T

.

E [f(x̄t)− f(x∗)] ≤ RG√
T

Therefore when T is not fixed, we choose ηt = R
G
√
t

(∴ γt = O( 1
t )) to get a convergence rate of O( 1√

T
).

7.2 Strongly convex functions

If f is µ-strongly convex, we can use this additional information to show a better convergence rate.

7.2.1 Convergence with uniform averaging

Considering the squared Euclidean distance from the optimal,

‖xt+1 − x∗‖22 = ‖PX (xt − ηtgt)− PX (x∗)‖22
≤ ‖xt − x∗ − ηtgt‖22
= ‖xt − x∗‖22 + η2

t ‖gt‖
2
2 − 2ηt 〈gt,xt − x∗〉

Taking expectation with respect to i1, i2, . . . , it−1, and using the fact that xt is dependent only on i1, i2, . . . , it−1,

E
[
‖xt+1 − x∗‖22

]
≤ E

[
‖xt − x∗‖22

]
+ η2

tG
2 − 2ηt 〈E [gt] ,xt − x∗〉

= E
[
‖xt − x∗‖22

]
+ η2

tG
2 − 2ηt 〈∇f(xt),xt − x∗〉 (7.2.1)

From the strong convexity of f , we have

f(x∗) ≥ f(xt) + 〈∇f(xt),x
∗ − xt〉+

µ

2
‖xt − x∗‖22

=⇒ −2ηt 〈∇f(xt),xt − x∗〉 ≤ −2ηt(f(xt)− f(x∗) +
µ

2
‖xt − x∗‖22) (7.2.2)

Plugging Equation (7.2.2) in Equation (7.2.1), we get

E
[
‖xt+1 − x∗‖22

]
≤ E

[
‖xt − x∗‖22

]
+ η2

tG
2 − 2ηt(f(xt)− f(x∗) +

µ

2
‖xt − x∗‖22)

=⇒ 2ηtE [f(xt)− f(x∗)] ≤ η2
tG

2 + (1− µηt)E
[
‖xt − x∗‖22

]
− E

[
‖xt+1 − x∗‖22

]
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=⇒ E [f(xt)− f(x∗)] ≤ ηtG
2

2
+

1− µηt
2ηt

E
[
‖xt − x∗‖22

]
− 1

2ηt
E
[
‖xt+1 − x∗‖22

]
(7.2.3)

Therefore if we set ηt = 1
µt , we get

E [f(xt)− f(x∗)] ≤ G2

2µt
+
µ(t− 1)

2
E
[
‖xt − x∗‖22

]
− µt

2
E
[
‖xt+1 − x∗‖22

]
(7.2.4)

Telescoping Equation (7.2.4) from t = 1 to T , we obtain

T∑
t=1

E [f(xt)− f(x∗)] ≤ G2

2µ

T∑
t=1

1

t
− µT

2
E
[
‖xT+1 − x∗‖22

]
(7.2.5)

Dividing by T and from the convexity of f , we further get

E

[
f

(
1

T

T∑
t=1

xt

)
− f(x∗)

]
≤ 1

T

T∑
t=1

E [f(xt)− f(x∗)]

≤ G2

2µT

T∑
t=1

1

t

≤ G2

2µT
(1 + log(T ))

And from Equation (7.2.5) we also get

E
[
‖xT+1 − x∗‖22

]
≤ G2

µ2T
(1 + log(T ))

This rate of the convergence of the last iterate, can be tightened as we will show in Section 7.2.3.

7.2.2 Convergence with weighted averaging

Instead of uniform averaging, we can have a weighted averaging scheme to get a better convergence rate [5].
Following the previous analysis, if we put ηt = 2

µ(t+1) in Equation (7.2.3), we get

E [f(xt)− f(x∗)] ≤ G2

µ(t+ 1)
+
µ(t− 1)

4
E
[
‖xt − x∗‖22

]
− µ(t+ 1)

4
E
[
‖xt+1 − x∗‖22

]
(7.2.6)

Multiplying Equation (7.2.6) by t

tE [f(xt)− f(x∗)] ≤ tG2

µ(t+ 1)
+
µ

4

[
t(t− 1)E

[
‖xt − x∗‖22

]
− t(t+ 1)E

[
‖xt+1 − x∗‖22

]]
≤ G2

µ
+
µ

4

[
t(t− 1)E

[
‖xt − x∗‖22

]
− t(t+ 1)E

[
‖xt+1 − x∗‖22

]]
(7.2.7)

Telescoping Equation (7.2.7) from t = 1 to T we get

T∑
t=1

tE [f(xt)− f(x∗)] ≤ TG2

µ
+
µ

4

[
−T (T + 1)E

[
‖xT+1 − x∗‖22

]]
(7.2.8)

Dividing Equation (7.2.8) by T (T+1)
2 , using the convexity of f , and defining x̄T = 2

T (T+1)

T∑
t=1

xt, we obtain

E [f(x̄T )− f(x∗)] ≤ 2G2

µ(T + 1)

and, E
[
‖x̄T − x∗‖22

]
≤ 4G2

µ2(T + 1)

Therefore by a better averaging method, the convergence of SGD for µ-strongly convex functions can be improved

to O
(

1
T

)
from O

(
log T
T

)
.
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7.2.3 Convergence of last iterate

Considering the squared Euclidean distance from the optimum, we can again show a convergence rate of O
(

1
T

)
after T iterations. The analysis follows via induction. From strong convexity at x1, we have

µ

2
‖x1 − x∗‖22 ≤ f(x∗)− f(x1) + 〈∇f(x1),x1 − x∗〉 ≤ 〈∇f(x1),x1 − x∗〉 ≤ ‖∇f(x1)‖2 ‖x1 − x∗‖2

=⇒ ‖∇f(x1)‖22 ≥
µ2

4
‖x1 − x∗‖22

Now,

E
[
‖g1‖22

]
= E

[
‖∇f(x1) + (g1 −∇f(x1))‖22

]
= E

[
‖∇f(x1)‖22

]
+ E

[
‖g1 −∇f(x1)‖22

]
+ 2E [〈∇f(x1),g1 −∇f(x1)〉]

= E
[
‖∇f(x1)‖22

]
+ E

[
‖g1 −∇f(x1)‖22

]
≥ E

[
‖∇f(x1)‖22

]
Therefore we have

E
[
‖x1 − x∗‖22

]
≤ 4

µ2
E
[
‖∇f(x1)‖22

]
≤ 4

µ2
E
[
‖g1‖22

]
≤ 4G2

µ2

Therefore for t = 1, E
[
‖xt − x∗‖22

]
≤ 4G2

µ2t holds. For a general t,

E
[
‖xt+1 − x∗‖22

]
= E

[
‖PX (xt − ηtgt)− PX (x∗)‖22

]
≤ E

[
‖xt − x∗ − ηtgt‖22

]
= E

[
‖xt − x∗‖22

]
+ η2

tE
[
‖gt‖22

]
− 2ηtE [〈gt,xt − x∗〉]

= E
[
‖xt − x∗‖22

]
+ η2

tE
[
‖gt‖22

]
− 2ηtE [〈∇f(xt),xt − x∗〉]

Using strong convexity of f at x∗ using Lemma 1.1, we have

〈∇f(xt),xt − x∗〉 ≥ µ ‖xt − x∗‖22
Therefore

E
[
‖xt+1 − x∗‖22

]
≤ E

[
‖xt − x∗‖22

]
+ η2

tE
[
‖gt‖22

]
− 2ηtµE

[
‖xt − x∗‖22

]
≤ (1− 2ηtµ)E

[
‖xt − x∗‖22

]
+ η2

tG
2

Plugging in ηt = 1
µt , we get

E
[
‖xt+1 − x∗‖22

]
≤
(

1− 2

t

)
E
[
‖xt − x∗‖22

]
+

G2

µ2t2

Therefore for t = 2, E
[
‖xt − x∗‖22

]
≤ 4G2

µ2t holds again. Assuming the hypothesis to be true for t− 1, we have

E
[
‖xt − x∗‖22

]
≤ 4G2

µ2t

And checking for t,

E
[
‖xt+1 − x∗‖22

]
≤
(

1− 2

t

)
4G2

µ2t
+

G2

µ2t2

≤ G

µ2t2
(4t− 7)

≤ 4G2

µ2(t+ 1)

Therefore we have E
[
‖xT − x∗‖22

]
≤ 4G2

µ2T = O
(

1
T

)
.

21



7.2.4 Convergence using Tail Averaging

Instead of using a weighted average as what analyzed in Section 7.2.2, we can also show similarly good con-
vergence bounds for uniform averaging on the tail of the iterations called α-suffix averaging, as shown in [10].
We define the last α fraction of the iterates as the α-suffix, therefore the result talks about the convergence of

x̄αt =
∑T
t=(1−α)T+1 xt. Upper bounding E

[
‖xt+1 − x∗‖22

]
,

E
[
‖xt+1 − x∗‖22

]
= E

[
‖PX (xt − ηtgt)− PX (x∗)‖22

]
≤ E

[
‖xt − x∗ − ηtgt‖22

]
≤ E

[
‖xt − x∗‖22

]
+ η2

tG
2 − 2ηtE [〈∇f(xt),xt − x∗〉]

=⇒ E [〈∇f(xt),xt − x∗〉] ≤ ηtG
2

2
+

1

2

E
[
‖xt − x∗‖22

]
ηt

−
E
[
‖xt+1 − x∗‖22

]
ηt


By convexity,

T∑
t=(1−α)T+1

E [〈∇f(xt),xt − x∗〉] ≥
T∑

t=(1−α)T+1

E [f(xt)− f(x∗)] ≥ αTE [f(x̄αt )− f(x∗)]

Therefore

E [f(x̄αt )− f(x∗)] ≤ 1

2αT

 T∑
t=(1−α)T+1

ηtG
2 +

T∑
t=(1−α)T+1

E
[
‖xt − x∗‖22

]
ηt

−
E
[
‖xt+1 − x∗‖22

]
ηt


≤ 1

2αT

 1

η(1−α)T
E
[∥∥x(1−α)T+1 − x∗

∥∥2

2

]
+

T∑
t=(1−α)T+1

E
[
‖xt − x∗‖22

]( 1

ηt
− 1

ηt−1

)
+G2

T∑
t=(1−α)T+1

ηt


Using the result from section 7.2.3, we have E

[
‖xT − x∗‖22

]
≤ 4G2

µ2T . Using this we get

E [f(x̄αt )− f(x∗)] ≤ 1

2αT

 1

η(1−α)T

4G2

µ2((1− α)T + 1)
+

T∑
t=(1−α)T+1

(
1

ηt
− 1

ηt−1

)
4G2

µ2t

+
G2

2αT

T∑
t=(1−α)T+1

ηt

Plugging in ηt = 1
µt , we now have

E [f(x̄αt )− f(x∗)] ≤ 2G2

µαT

1 +

T∑
t=(1−α)T+1

1

t

+
G2

2µαT

T∑
t=(1−α)T+1

1

t

Using the fact that
∑T
t=(1−α)T+1

1
t ≤ log 1

1−α , we simplify and get

E [f(x̄αT )− f(x∗)] ≤
2 + 5

2 log 1
1−α

α

G2

µT
= O

(
1

T

)
The constant as a function of alpha is minimum at α ≈ 0.7675.

7.3 Smooth functions

If each of the fi’s are L-smooth, we can guarantee good convergence rates.
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7.3.1 Convergence

Let et := ∇f(xt)− gt, therefore E [et] = 0 and assume E
[
‖et‖22

]
≤ σ2. Then for ηt = 1

L+αt
where αt = O

(
1√
t

)
, it

can be shown that

E [f(x̄T )− f(x∗)] ≤ O
(
LR2

T

)
+O

(
σR√
T

)

Where x̄t = 1
T

T∑
t=1

xt.

7.4 Smooth and Strongly convex functions

If f is L-smooth and µ-strongly convex, we can use the result in Section 7.2.2 to obtain the convergence rate for
this class of functions.

7.4.1 Convergence

From Section 7.2.2, with x̄T = 2
T (T+1)

T∑
t=1

xt and ηt = 2
µ(t+1) , we have

E
[
‖x̄T − x∗‖22

]
≤ 4G2

µ2(T + 1)

=⇒ E [f(x̄T )− f(x∗)] ≤ L

2
E
[
‖x̄T − x∗‖22

]
≤ 2G2L

µ2(T + 1)

7.4.2 Convergence of Bias and Variance

One can break the error into Bias and Variance terms and see that the rate at which the bias error decays is
linear [6]. Let i ∈ U ([n]), then

‖xt+1 − x∗‖22 = ‖xt − x∗ − ηt∇fi(xt)‖22
= ‖xt − x∗‖22 − 2ηt 〈xt − x∗,∇fi(xt)〉+ η2

t ‖∇fi(xt)−∇fi(x∗) +∇fi(x∗)‖22
≤ ‖xt − x∗‖22 − 2ηt 〈xt − x∗,∇fi(xt)〉+ 2η2

t ‖∇fi(xt)−∇fi(x∗)‖
2
2 + 2η2

t ‖∇fi(x∗)‖
2
2

≤ ‖xt − x∗‖22 − 2ηt 〈xt − x∗,∇fi(xt)〉+ 2η2
t ‖∇fi(x∗)‖

2
2

+ 2η2
tL 〈xt − x∗,∇fi(xt)−∇fi(x∗)〉 (Using Lemma 1.2) (7.4.1)

Taking expectations on both sides of equation (7.4.1), and using the fact that

E [〈xt − x∗,∇fi(xt)−∇fi(x∗)〉] = E [〈xt − x∗,∇f(xt)〉]

we get

E
[
‖xt+1 − x∗‖22

]
≤ E

[
‖xt − x∗‖22

]
− 2ηt(1− ηtL)E [〈xt − x∗,∇f(xt)〉] + 2η2

tE
[
‖∇fi(x∗)‖22

]
(7.4.2)

From Lemma 1.1, we have

〈f(xt)− f(x∗),xt − x∗〉 ≥ µ ‖xt − x∗‖22
=⇒ −E [〈f(xt),xt − x∗〉] ≤ −µE

[
‖xt − x∗‖22

]
(7.4.3)

Using (7.4.3) in (7.4.2), we get

E
[
‖xt+1 − x∗‖22

]
≤ E

[
‖xt − x∗‖22

]
− 2µηt(1− ηtL)E

[
‖xt − x∗‖22

]
+ 2η2

tE
[
‖∇fi(x∗)‖22

]
= (1− 2µηt(1− ηtL))E

[
‖xt − x∗‖22

]
+ 2η2

tE
[
‖∇fi(x∗)‖22

]
(7.4.4)
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Assuming ηt to be a decreasing sequence with ηt <
1

2L , and unrolling (7.4.4) till t = 0, we have

E
[
‖xt − x∗‖22

]
≤ [1− 2µηt(1− ηtL)]

t ‖x0 − x∗‖22 + 2η2
tE
[
‖∇fi(x∗)‖22

] t−1∑
i=0

[1− 2µηt(1− ηtL)]
i

≤ [1− 2µηt(1− ηtL)]
t ‖x0 − x∗‖22 +

ηt
µ(1− ηtL)

E
[
‖∇fi(x∗)‖22

]
(7.4.5)

Let us define ε0 = ‖x0 − x∗‖22, σ2 := E
[
‖∇fi(x∗)‖22

]
, and setting ηt = µε

2εµL+2σ2 , we get

E
[
‖xt − x∗‖22

]
≤ exp

{
− µ2εt

µεL+ σ2

}
ε0 +

εσ2

2σ2 + 2Lµε

≤ exp

{
− εt

εκ+ σ2

µ2

}
ε0 +

ε

2

(7.4.6)

To have the final error bounded by ε, we need to have

2 exp

{
− εt

εκ+ σ2

µ2

}
ε0 ≤ ε

=⇒ t

κ+ σ2

µ2ε

≥ log
2ε0
ε

=⇒ t ≥
(
κ+

σ2

µ2ε

)
log

2ε0
ε

(7.4.7)

Therefore for T ≥
(
κ+ σ2

µ2ε

)
log 2ε0

ε iterations, we will have

E
[
‖xT − x∗‖22

]
≤ ε (7.4.8)

It is to note than if σ = 0, of when ∇fi(x∗) = 0 for all i ∈ [n], we have a linear convergence rate for SGD, that is,
if σ = 0, then after T ≥ κ log 2ε0

ε iterations, we will have

E
[
‖xT − x∗‖22

]
≤ ε (7.4.9)

8 Some faster stochastic algorithms

SGD is popular for large scale optimization but it has slow convergence asymptotically due to the inherent variance.
In order to ensure convergence, the learning rate ηt has to decay to zero which leads to slow convergence. The need
of small learning rate is due to the variance of SGD.

A popular way that does explicit variance reduction is SVRG [4] and its variants [2] as we discuss below.

8.1 Stochastic Variance Reduced Gradient (SVRG)

We have the same setting where

f(x) =
1

n

n∑
i=1

fi(x)

We assume f to be µ-strongly convex and each fi to be L-smooth. The algorithm keeps a snapshot x̃ after every
m iterations. Moreover, the average gradient is maintained, i.e.,

g̃ := ∇f(x̃) =
1

n

n∑
i=1

∇fi(x̃)

24



Note that E [∇fi(x̃)− g̃] = 0. Therefore we can have the stochastic update defined as

xt+1 = xt − ηt(∇fi(xt)−∇fi(x̃) + g̃)

where i ∼ U([n]).
The above update is the normal SGD update of the auxiliary function with f̃i(x) := fi(x)− 〈∇fi(x̃)− g̃,x〉. And

since
n∑
i=1

(∇fi(x̃)− g̃) = 0,

f(x) =
1

n

n∑
i=1

fi(x) =
1

n

n∑
i=1

f̃i(x)

For every stage of m such updates, we have m + n gradient computations. Therefore it is natural to choose m to
be of order n or slightly higher (for example m = 2n for convex problems and m = 5n for non-convex problems).
The algorithm therefore is described as

Algorithm 2: SVRG

Initialize : x̃0

for s = 1, 2, . . . do
x̃ = x̃s−1

g̃ = 1
n

n∑
i=1

∇fi(x̃)

x1 = x̃
for t = 1, 2, . . . ,m do

Sample i ∼ U([n])
xt+1 = xt − ηt(∇fi(xt)−∇fi(x̃) + g̃)

end
option I : set x̃s = xm
option II : set x̃s = xt for randomly chosen t ∈ [m]

end

8.1.1 Convergence

For all i, define

gi(x) = fi(x)− fi(x∗)− 〈∇fi(x∗),x− x∗〉 (8.1.1)

Therefore we have gi(x
∗) = min

x
gi(x) (∵ ∇gi(x∗) = 0), therefore

0 = gi(x
∗) ≤ min

η
[gi(x− η∇gi(x))]

≤ min
η

[gi(x)− η ‖∇gi(x)‖22 +
L

2
η2 ‖∇gi(x)‖22] (g is also L− smooth)

= gi(x)− 1

2L
‖∇gi(x)‖22

Plugging in g(x) and ∇g(x) from the definition of g in Equation (8.1.1), we get

‖∇fi(x)−∇fi(x∗)‖22 ≤ 2L[fi(x)− fi(x∗)− 〈∇fi(x∗),x− x∗〉] (8.1.2)

Summing Equation (8.1.2) over i = 1, . . . , n, and using the fact that ∇f(x∗) = 0, we get

1

n

n∑
i=1

‖∇fi(x)−∇fi(x∗)‖22 ≤ 2L[f(x)− f(x∗)]

Now let v := ∇fi(xt)−∇fi(x̃) + g̃. Taking the conditional expectation of ‖vt‖22 given xt, we have

E
[
‖vt‖22

]
≤ 2E

[
‖∇fi(xt)−∇fi(x∗)‖22

]
+ 2E

[
‖[∇fi(x̃t)−∇fi(x∗)]−∇f(x̃)‖22

]
= 2E

[
‖∇fi(xt)−∇fi(x∗)‖22

]
+ 2E

[
‖[∇fi(x̃t)−∇fi(x∗)]− E [∇fi(x̃t)−∇fi(x∗)]‖22

]
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≤ 2E
[
‖∇fi(xt)−∇fi(x∗)‖22

]
+ 2E

[
‖∇fi(x̃t)−∇fi(x∗)‖22

]
≤ 4L[f(xt)− f(x∗) + f(x̃)− f(x∗)]

Considering the squared Euclidean distance from the optimum, and taking its conditional expectation given xt we
get

E
[
‖xt+1 − x∗‖22

]
= E

[
‖xt − x∗‖22

]
− 2ηt 〈xt − x∗,E [vt]〉+ η2

tE
[
‖vt‖22

]
≤ E

[
‖xt − x∗‖22

]
− 2ηt 〈xt − x∗,∇f(xt)〉+ 4Lη2

t [f(xt)− f(x∗) + f(x̃)− f(x∗)]

≤ E
[
‖xt − x∗‖22

]
− 2ηt[f(xt)− f(x∗)] + 4Lη2

t [f(xt)− f(x∗) + f(x̃)− f(x∗)]

= E
[
‖xt − x∗‖22

]
− 2ηt(1− 2Lηt)[f(xt)− f(x∗)] + 4Lη2

t [f(x̃)− f(x∗)]

Therefore

E
[
‖xt+1 − x∗‖22

]
+ 2ηt(1− 2Lηt)[f(xt)− f(x∗)] ≤ E

[
‖xt − x∗‖22

]
+ 4Lη2

t [f(x̃)− f(x∗)] (8.1.3)

Telescoping Equation (8.1.3) from t = 1 to m− 1, setting ηt = η, and taking expectation with the history, we get

E
[
‖xm − x∗‖22

]
+ 2η(1− 2Lη)mE [f(x̃s)− f(x∗)] ≤ E

[
‖x1 − x∗‖22

]
+ 4Lmη2E [f(x̃s−1)− f(x∗)]

= E
[
‖x̃s−1 − x∗‖22

]
+ 4Lmη2E [f(x̃s−1)− f(x∗)]

≤ 2

µ
E [f(x̃s−1)− f(x∗))] + 4Lmη2E [f(x̃s−1)− f(x∗)]

= 2(
1

µ
+ 2Lmη2)E [f(x̃s−1)− f(x∗))]

Therefore rearranging the terms we get

E [f(x̃s)− f(x∗)] ≤
[

1

µη(1− 2Lη)m
+

2Lη

1− 2Lη

]
E [f(x̃s−1)− f(x∗))]

Defining α = 1
µη(1−2Lη)m + 2Lη

1−2Lη , we have

E [f(x̃s)− f(x∗)] ≤ αsE [f(x̃0)− f(x∗))]

Usually, m is chosen to be O (κ) and η = O
(

1
L

)
to give a convergence rate of O

(
(n+ κ) log 1

ε

)
.

8.2 SVRG++

The original SVRG method as described in [4] was for strongly convex objectives, whereas objectives like that of
Lasso or Logistic regression etc., are non-strongly convex. A variant of SVRG known as SVRG++ algorithm [2]
which gives faster convergence by modifying it in a novel manner.

Consider the composite convex minimization problem

min
x∈Rd

{
F (x) := f(x) + Ψ(x) :=

1

n

n∑
i=1

fi(x) + Ψ(x)

}

Here fi’s are L-smooth functions and Ψ is a relatively simple (possibly non-differentiable) function. Example - For
lasso, fi(x) := 1

2 (〈ai,x〉 − yi)2 and Ψ := σ ‖x‖1 where σ is a hyper-parameter.

In the presence of the the proximal function Ψ, the SVRG update becomes

xt+1 = arg min
y∈Rd

{
1

2η
‖y − xt‖22 + 〈ξt,y〉+ Ψ(y)

}
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where ξt = ∇fi(xt) for SGD and ξt = ∇fi(xt)−∇fi(x̃)+f(x̃) for the snapshots x̃ after every m stochastic updates
in SVRG. Each of such definitions of ξt satisfy E [ξt] = ∇f(xt).

For SVRG++, the s-th epoch consists of ms stochastic updates and ms doubles after epoch, i.e., ms = 2sm0. Also,
unlike SVRG where x̃s is the average point of the previous epoch, for SVRG++ we have x̃s0 = xs−1

ms−1
.

Algorithm 3: SVRG++(xφ,m0, S, η)

Initialize : x̃0 = xφ, x1
0 = xφ

for s = 1, 2, . . . , S do

g̃s−1 = 1
n

n∑
i=1

∇fi(x̃s−1)

ms = 2sm0

for t = 0, 1, . . . ,ms − 1 do
Sample i ∼ U([n])
ξst = ∇fi(xst )−∇fi(x̃s−1) + g̃s−1

xst+1 = arg min
y∈Rd

{
1
2η ‖x

s
t − y‖22 + Ψ(y) + 〈ξst ,y〉

}
end

x̃s = 1
ms

ms∑
t=1

xst

xs+1
0 = xsms

end

return x̃S

8.2.1 Convergence

Let ist ∼ U([n]) be the random index for the s-th epoch and t-th inner iteration, and similarly ξst = ∇fi(xst ) −
∇fi(x̃s−1) + g̃s−1 be the stochastic gradient.

For all u ∈ Rd,

Eist
[
F (xst+1)− F (u)

]
= Eist

[
f(xst+1)− f(u) + Ψ(xst+1)−Ψ(u)

]
≤ Eist

[
f(xst )− f(u) +

〈
∇f(xst ),x

s
t+1 − xst

〉
+
L

2

∥∥xst − xst+1

∥∥2

2
+ Ψ(xst+1)−Ψ(u)

]
(Using smoothness of f)

≤ Eist

[
〈∇f(xst ),x

s
t − u〉+

〈
∇f(xst ),x

s
t+1 − xst

〉
+
L

2

∥∥xst − xst+1

∥∥2

2
+ Ψ(xst+1)−Ψ(u)

]
(Using convexity of f)

= Eist

[
〈ξst ,xst − u〉+

〈
∇f(xst ),x

s
t+1 − xst

〉
+
L

2

∥∥xst − xst+1

∥∥2

2
+ Ψ(xst+1)−Ψ(u)

]
(8.2.1)

(Since Eist [ξst ] = ∇f(xst ))

Analyzing the first and the last two terms in Equation (8.2.1),

〈ξst ,xst − u〉+ Ψ(xst+1)−Ψ(u) =
〈
ξst ,x

s
t − xst+1

〉
+
〈
ξst ,x

s
t+1 − u

〉
+ Ψ(xst+1)−Ψ(u) (8.2.2)

Since xst+1 = arg min
y∈Rd

{
1
2η ‖x

s
t − y‖22 + Ψ(y) + 〈ξst ,y〉

}
=⇒ ∃ g ∈ ∂Ψ(xst+1) 3 1

η (xst+1 − xst ) + ξst + g = 0. From

the convexity of Ψ, we have

Ψ(u)−Ψ(xst+1) ≥
〈
g,u− xst+1

〉
=⇒ Ψ(u)−Ψ(xst+1) +

〈
1

η
(xst+1 − xst ) + ξst ,u− xst+1

〉
≥
〈

1

η
(xst+1 − xst ) + ξst + g,u− xst+1

〉
= 0

=⇒ Ψ(u)−Ψ(xst+1) +
〈
ξst ,u− xst+1

〉
≥ 1

η

〈
(xst+1 − xst ),x

s
t+1 − u

〉
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=⇒ Ψ(xst+1)−Ψ(u) +
〈
ξst ,x

s
t+1 − u

〉
≤ −1

η

〈
(xst+1 − xst ),x

s
t+1 − u

〉
(8.2.3)

Pluggin in Equation (8.2.3) in Equation (8.2.2), we get

〈ξst ,xst − u〉+ Ψ(xst+1)−Ψ(u) ≤
〈
ξst ,x

s
t − xst+1

〉
− 1

η

〈
(xst+1 − xst ),x

s
t+1 − u

〉
=
〈
ξst ,x

s
t − xst+1

〉
+
‖xst − u‖22

2η
−
∥∥xst+1 − u

∥∥2

2

2η
−
∥∥xst+1 − xst

∥∥2

2

2η
(8.2.4)

(Using the identity, 2 〈x− y,x− z〉 = ‖x− y‖22 + ‖x− z‖22 − ‖y − z‖22)

Combining Equation (8.2.1) and Equation (8.2.4), we get

Eist
[
F (xst+1)− F (u)

]
≤ Eist

[〈
ξst −∇f(xst ),x

s
t − xst+1

〉
− 1− ηL

2η

∥∥xst − xst+1

∥∥2

2
+
‖xst − u‖22 −

∥∥xst+1 − u
∥∥2

2

2η

]

≤ Eist

[
η

2(1− ηL)
‖ξst −∇f(xst )‖

2
2 +
‖xst − u‖22 −

∥∥xst+1 − u
∥∥2

2

2η

]
(8.2.5)

(Using Young’s Inequality)

Now upper bounding Eist
[
‖ξst −∇f(xst )‖

2
2

]
,

Eist
[
‖ξst −∇f(xst )‖

2
2

]
= Eist

[∥∥(∇fist (x
s
t )−∇fist (x̃

s−1))− (∇f(xst )−∇f(x̃s−1))
∥∥2

2

]
≤ Eist

[∥∥∇fist (xst )−∇fist (x̃s−1)
∥∥2

2

]
(Using E

[
‖X− E [X]‖22

]
= E

[
‖X‖22

]
− ‖E [X]‖22)

= Eist
[∥∥(∇fist (x

s
t )−∇fist (x

∗))− (∇fist (x̃
s−1)−∇fist (x

∗))
∥∥2

2

]
≤ 2Eist

[∥∥∇fist (xst )−∇fist (x∗)∥∥2

2

]
+ 2Eist

[∥∥∇fist (x̃s−1)−∇fist (x
∗)
∥∥2

2

]
(8.2.6)

Lemma 8.1. If fi is convex and L-smooth, we have

‖∇fi(x)−∇fi(x∗)‖22 ≤ 2L [fi(x)− fi(x∗)− 〈∇fi(x∗),x− x∗〉]

Proof. Define φ(x) := fi(x)− fi(x∗)− 〈∇fi(x∗),x− x∗〉. Therefore ∇φ(x) = ∇fi(x)−∇fi(x∗).

0 = φ(x∗) ≤ φ(x− 1

L
∇φ(x)) ≤ φ(x) +

〈
∇φ(x),− 1

L
∇φ(x)

〉
+
L

2

∥∥∥∥ 1

L
∇φ(x)

∥∥∥∥2

2

= φ(x)− 1

2L
‖∇φ(x)‖22

=⇒ ‖∇fi(x)−∇fi(x∗)‖22 ≤ 2L [fi(x)− fi(x∗)− 〈∇fi(x∗),x− x∗〉]

Using Lemma 8.1 in Equation (8.2.6), we get

Eist
[
‖ξst −∇f(xst )‖

2
2

]
≤ 4LEist

[
fist (x

s
t )− fist (x

∗)−
〈
∇fist (x

∗),xst − x∗
〉

+ fist (x̃
s−1)− fist (x

∗)−
〈
∇fist (x

∗), x̃s−1 − x∗
〉]

= 4L
[
f(xst )− f(x∗)− 〈∇f(x∗),xst − x∗〉+ f(x̃s−1)− f(x∗)−

〈
∇f(x∗), x̃s−1 − x∗

〉]
(8.2.7)

Since ∂F (x∗) = ∇f(x∗) + g∗ = 0 for some g∗ ∈ ∂Ψ(x∗). Using this we get

Eist
[
‖ξst −∇f(xst )‖

2
2

]
≤ 4L

[
f(xst )− f(x∗) + 〈g∗,xst − x∗〉+ f(x̃s−1)− f(x∗) +

〈
g∗, x̃s−1 − x∗

〉]
≤ 4L

[
f(xst )− f(x∗) + Ψ(xst )−Ψ(x∗) + f(x̃s−1)− f(x∗) + Ψ(x̃s−1)−Ψ(x∗)

]
(Using the convexity of Ψ)
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= 4L
[
F (xst )− F (x∗) + F (x̃s−1)− F (x∗)

]
(8.2.8)

Plugging in Equation (8.2.8) in Equation (8.2.7), we get

Eist
[
F (xst+1)− F (u)

]
≤ 2ηL

1− ηL
(F (xst )− F (x∗) + F (x̃s−1)− F (x∗)) +

‖xst − u‖22 − Eist
[∥∥xst+1 − u

∥∥2

2

]
2η

(8.2.9)

Choosing η = 1
7L , we get

Eist
[
F (xst+1)− F (u)

]
≤ 1

3
(F (xst )− F (x∗) + F (x̃s−1)− F (x∗)) +

‖xst − u‖22 − Eist
[∥∥xst+1 − u

∥∥2

2

]
2η

(8.2.10)

Telescoping equation (8.2.10) for u = x∗, from t = 0 to ms− 1, dividing by ms, and taking the full expectation, we
get

3E

[
ms−1∑
t=0

F (xst+1)

ms
− F (x∗)

]
≤ E

[(
ms−1∑
t=0

F (xst )

ms
− F (x∗) + F (x̃s−1)− F (x∗)

)
+
‖xs0 − x∗‖22 −

∥∥xsms − x∗
∥∥2

2

2η/3.ms

]
(8.2.11)

Rearranging Equation (8.2.11) we have

2E

[
ms−1∑
t=0

F (xst+1)

ms
− F (x∗)

]
≤ E

[
(F (xs0)− F (x∗))− (F (xsms)− F (x∗))

ms
+ F (x̃s−1)− F (x∗) +

‖xs0 − x∗‖22 −
∥∥xsms − x∗

∥∥2

2

2η/3.ms

]
(8.2.12)

Because F is convex, therefore F (x̃s) ≤ 1
ms

∑ms−1
t=0 F (xst+1) from the definition of x̃s = 1

ms

∑ms−1
t=0 xst+1. Also

xsms = xs+1
0 . Therefore Equation (8.2.12) becomes

2E [F (x̃s)− F (x∗)] ≤ E

[
(F (xs0)− F (x∗))− (F (xs+1

0 )− F (x∗))

ms
+ F (x̃s−1)− F (x∗) +

‖xs0 − x∗‖22 −
∥∥xs+1

0 − x∗
∥∥2

2

2η/3.ms

]
(8.2.13)

Using ms = 2ms−1, and rearranging the terms in Equation (8.2.13), we get

E

[
F (x̃s)− F (x∗) +

∥∥xs+1
0 − x∗

∥∥2

2

4η/3.ms
+
F (xs+1

0 )− F (x∗)

2ms

]
≤ 2−1E

[
F (x̃s−1)− F (x∗) +

‖xs0 − x∗‖22
4η/3.ms−1

+
F (xs0)− F (x∗)

2ms−1

]

≤ 2−SE

[
F (x̃0)− F (x∗) +

∥∥x1
0 − x∗

∥∥2

2

4η/3.m0
+
F (x1

0)− F (x∗)

2m0

]
(8.2.14)

Relaxing the inequality in Equation (8.2.14), we get

E [F (x̃s)− F (x∗)] ≤ 2−S

[
F (x̃0)− F (x∗) +

∥∥x1
0 − x∗

∥∥2

2

4η/3.m0
+
F (x1

0)− F (x∗)

2m0

]

Since x̃0 = x1
0 = xφ and m0 ≥ 1, we have

E [F (x̃s)− F (x∗)] ≤ F (x̃φ)− F (x∗)

2S−1
+

∥∥x1
0 − x∗

∥∥2

2

2S 4ηm0

3

Now let F (x̃φ) − F (x∗) ≤ ∆ and
∥∥xφ − x∗

∥∥2

2
≤ Θ. By setting S = log2(∆

ε ) and m0 = LΘ
∆ and with η = 1

7L , we
have

E [F (x̃s)− F (x∗)] ≤ O (ε)

Therefore SVRG++ has a gradient complexity of O
(
nS + 2Sm0

)
= O(n log

(
∆
ε

)
+ LΘ

ε ), clearly an improvement
over SGD for the same kind of objective.
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9 Non convex Gradient method

For non-convex functions, we cannot talk about the convergence to the global minimizer in general, but instead we
talk about how close we can reach a pth order stationary point. Here we talk about convergence to an ε-first order
stationary point as defined in Section 1.12.
The results shown for sub-gradient descent in Section 3 have the assumption that f is convex. But interestingly we
can remove this assumption and still talk about convergence to approximate first order stationary points.
In this section f is a general smooth function (possibly non-convex) and the gradient descent algorithm remains
the same, i.e.,

xt+1 = xt − ηt∇f(xt)

9.1 Convergence

Using the fact that f is L-smooth, we have

f(xt+1) ≤ f(xt) + 〈∇f(xt),xt+1 − xt〉+
L

2
‖xt+1 − xt‖22

= f(xt)− ηt ‖∇f(xt)‖22 +
Lη2

t

2
‖∇f(xt)‖22

= f(xt)− ηt
(

1− Lηt
2

)
‖∇f(xt)‖22

Choosing ηt = 1
L we get

f(xt+1) ≤ f(xt)−
1

2L
‖∇f(xt)‖22 (9.1.1)

Telescoping equation (9.1.1) from t = 1 to T ,

f(xT+1) ≤ f(x1)− 1

2L

T∑
t=1

‖∇f(xt)‖22

=⇒ f(x∗) ≤ f(x1)− 1

2L
T min

1≤t≤T
‖∇f(xt)‖22

=⇒ min
1≤t≤T

‖∇f(xt)‖22 ≤
2L(f(x1)− f(x∗))

T
(9.1.2)

Therefore to have min
1≤t≤T

‖∇f(xt)‖2 ≤ ε we would require T ≥ 2L(f(x1)−f(x∗))
ε2 = O

(
1
ε2

)
iterations.

10 Non convex Stochastic Gradient method

As we have seen in Section 7, we can use the stochastic gradient to update parameters and still show convergence to
the global minima. In a similar way, we can show an analysis for a general smooth non-convex function f ∈ C1,1

L (Rd)
for convergence to an ε-first order stationary point.

We call a point x an (ε,Λ)-solution if P {‖∇f(x)‖2 ≤ ε} ≥ 1 − Λ for some ε > 0 and Λ ∈ (0, 1). The first
non-asymptotic convergence rate for SGD is in [3].

10.1 Convergence

The stochastic gradient at x is denoted as g(x). We assume the below two properties about the stochastic gradient
for all x ∈ Rd.

1. E [g(x)] = ∇f(x)

2. E
[
‖g(x)−∇f(x)‖22

]
≤ σ2
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The update rule for the parameters is
xt+1 = xt − ηtg(xt)

We define the deviation of the stochastic gradient at the t-th iteration as δt = g(xt)−∇f(xt).
From the smoothness of f , we have

f(xt+1) ≤ f(xt) + 〈∇f(x),xt+1 − xt〉+
L

2
‖xt+1 − xt‖22

= f(xt)− ηt 〈∇f(x), g(xt)〉+
Lη2

t

2
‖g(xt)‖22

= f(xt)− ηt 〈∇f(x), δt +∇f(xt)〉+
Lη2

t

2
‖δt +∇f(xt)‖22

= f(xt)− ηt ‖∇f(xt)‖22 − ηt 〈∇f(xt), δt〉+
Lη2

t

2

[
‖∇f(xt)‖22 + 2 〈∇f(xt), δt〉+ ‖δt‖22

]
= f(xt)−

(
ηt −

Lη2
t

2

)
‖∇f(xt)‖22 − (ηt − Lη2

t ) 〈∇f(xt), δt〉+
Lη2

t

2
‖δt‖22 (10.1.1)

Rearranging Equation (10.1.1) and Telescoping from t = 1 to T , we get

T∑
t=1

(
ηt −

Lη2
t

2

)
‖∇f(xt)‖22 ≤ f(x1)− f(xT+1)−

T∑
t=1

(ηt − Lη2
t ) 〈∇f(xt), δt〉+

L

2

T∑
t=1

η2
t ‖δt‖

2
2

≤ f(x1)− f(x∗)−
T∑
t=1

(ηt − Lη2
t ) 〈∇f(xt), δt〉+

L

2

T∑
t=1

η2
t ‖δt‖

2
2 (10.1.2)

Since xt depends only on the past t− 1 iterations, we have

E [〈∇f(xt), δt〉 | [t− 1]] = 0

Taking full expectation on Equation (10.1.2), we get

T∑
t=1

(
ηt −

Lη2
t

2

)
E
[
‖∇f(xt)‖22

]
≤ f(x1)− f(x∗) +

Lσ2

2

T∑
t=1

η2
t

=⇒ 1

L
min
t∈[T ]

E
[
‖∇f(xt)‖22

]
≤ 1

T∑
t=1

2ηt − Lη2
t

[
2(f(x1)− f(x∗)

L
+ σ2

T∑
t=1

η2
t

]
(10.1.3)

Define ∆0 := f(x1)− f(x∗), and ηt = min
{

1
L ,

D
σ
√
T

}
for t ∈ [T ]. Therefore,

1

L
min
t∈[T ]

E
[
‖∇f(xt)‖22

]
≤ 1

Tη1(2− Lη1)

[
2∆0

L
+ Tσ2η2

1

]
≤

2∆0

L + Tσ2η2
1

Tη1

=
2∆0

LTη1
+ σ2η1

≤ 2∆0

LT
max

{
L,
σ
√
T

D

}
+ σ2 D

σ
√
T

=
2∆0

T
+

2∆0σ

LD
√
T

+
σD√
T

=
2∆0

T
+

σ√
T

(
D +

2∆0

LD

)
=⇒ E

[
min
t∈[T ]

‖∇f(xt)‖22

]
≤ min
t∈[T ]

E
[
‖∇f(xt)‖22

]
≤ 2L∆0

T
+

σ√
T

(
LD +

2∆0

D

)
:= BT

31



The optimal value of D is D =
√

2∆0

L , substituting we have

min
t∈[T ]

E
[
‖∇f(xt)‖22

]
≤ 2L∆0

T
+

2σ√
T

√
2∆0L

Now min
t∈[T ]

E
[
‖∇f(xt)‖22

]
≤ ε2 =⇒ E

[
min
t∈[T ]

‖∇f(xt)‖2

]
≤ ε. Therefore we require

P

{
min
t∈[T ]

‖∇f(xt)‖22 ≤ ε
2

}
≥ P

{
‖∇f(xt)‖22 ≤ ε

2
}
≥ 1− Λ

From Markov’s inequality we have

P


min
t∈[T ]

‖∇f(xt)‖22

BT
≥ λ

 ≤ 1

λ

P

{
min
t∈[T ]

‖∇f(xt)‖22 ≤ λBT
}
≥ 1− 1

λ

Taking λ = 1
Λ , we now require

BT ≤ Λε2

2L∆0

T
+

σ√
T

(
LD +

2∆0

D

)
≤ Λε2

Therefore T ≥ 2L∆0

Λε2 and T ≥ σ2

Λ2ε4

(
LD + 2∆0

D

)2
, or T ≥ 2L∆0

Λε2 + σ2

Λ2ε4

(
LD + 2∆0

D

)2
, then we have

P

{
min
t∈[T ]

‖∇f(xt)‖22 ≤ ε
2

}
≥ 1− Λ

P

{
min
t∈[T ]

‖∇f(xt)‖2 ≤ ε
}
≥ 1− Λ

Therefore for T = O
(

1
Λε2 + σ2

Λ2ε4

)
we have an (ε,Λ) solution.

11 Faster Non convex Stochastic algorithms

Just like as in the convex case, SGD suffers from slow convergence due to its high variance in the Non convex domain
also. To ensure convergence to a stationary point, we have to use a very small learning rate. The SVRG algorithm as
in Section 8.1, assumes convexity, whereas [7] show that even for non convex optimization SVRG is faster than SGD.

We assume that f has a finite sum representation and has L-Lipschitz gradient, that is

f(x) =
1

n

n∑
i=1

fi(x) and ‖∇f(x)−∇f(y)‖2 ≤ L ‖x− y‖2 ∀ x,y ∈ Rd

The algorithm stays the same as Algorithm 2, with some modified notations
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Algorithm 4: SVRG (x0, T,m, {ηi}m−1
i=0 )

Initialize : x̃0 = x0
m = x0, step sizes {ηi > 0}m−1

i=0 , S = dT/me
for s = 1, 2, . . . , S − 1 do

xs+1
0 = xsm

gs+1 = 1
n

n∑
i=1

∇fi(x̃s)

for t = 0, 1, . . . ,m− 1 do
Sample i ∼ U([n])
vs+1
t = ∇fi(xs+1

t )−∇fi(x̃s) + gs+1

xs+1
t+1 = xs+1

t − ηtvs+1
t

end
x̃s+1 = xs+1

m

end

Output: Iterate xa chosen randomly from
{
{xs+1

t }m−1
t=0

}S−1

s=0

11.1 Convergence

From the algorithm we have

vs+1
t = ∇fi(xs+1

t )−∇fi(x̃s) + gs+1

=⇒ E
[∥∥vs+1

t

∥∥2

2

]
= E

[∥∥∇fi(xs+1
t )−∇fi(x̃s) + gs+1

∥∥2

2

]
= E

[∥∥∇fi(xs+1
t )−∇fi(x̃s) + gs+1 −∇f(xs+1

t ) +∇f(xs+1
t )

∥∥2

2

]
≤ 2E

[∥∥∇f(xs+1
t )

∥∥2

2

]
+ 2E

[∥∥(∇fi(xs+1
t )−∇fi(x̃s)

)
− E

[
∇fi(xs+1

t )−∇fi(x̃s)
]∥∥2

2

]
≤ 2E

[∥∥∇f(xs+1
t )

∥∥2

2

]
+ 2E

[∥∥∇fi(xs+1
t )−∇fi(x̃s)

∥∥2

2

]
≤ 2E

[∥∥∇f(xs+1
t )

∥∥2

2

]
+ 2L2E

[∥∥xs+1
t − x̃s

∥∥2

2

]
(11.1.1)

From the smoothness of f , we have

E
[
f(xs+1

t+1 )
]
≤ E

[
f(xs+1

t ) +
〈
∇f(xs+1

t ),xs+1
t+1 − xs+1

t

〉
+
L

2

∥∥xs+1
t+1 − xs+1

t

∥∥2

2

]
(11.1.2)

Using xs+1
t+1 = xs+1

t − ηtvs+1
t , Inequality (11.1.2) becomes

E
[
f(xs+1

t+1 )
]
≤ E

[
f(xs+1

t )− ηt
∥∥∇f(xs+1

t )
∥∥2

2
+
L

2

∥∥vs+1
t

∥∥2

2

]
Considering the Lyapunov function

Rs+1
t = E

[
f(xs+1

t ) + ct
∥∥xs+1

t − x̃s
∥∥2

2

]
for some sequence {ct}m−1

t=0 as we will formulate later. To bound Rs+1
t+1 in terms of Rs+1

t , we need to bound∥∥xs+1
t+1 − x̃s

∥∥2

2
.

E
[∥∥xs+1

t+1 − x̃s
∥∥2

2

]
= E

[∥∥xs+1
t+1 − xs+1

t + xs+1
t − x̃s

∥∥2

2

]
= E

[
η2
t

∥∥vs+1
t

∥∥2

2
+
∥∥xs+1

t − xs+1
t

∥∥2

2

]
− 2ηtE

[〈
vs+1
t ,xs+1

t − x̃s
〉]

= E
[
η2
t

∥∥vs+1
t

∥∥2

2
+
∥∥xs+1

t − xs+1
t

∥∥2

2

]
− 2ηtE

[〈
∇f(xs+1

t ),xs+1
t − x̃s

〉]
≤ E

[
η2
t

∥∥vs+1
t

∥∥2

2
+
∥∥xs+1

t − xs+1
t

∥∥2

2

]
+ 2ηtE

[
1

2βt

∥∥∇f(xs+1
t )

∥∥2

2
+

1

2
βt
∥∥xs+1

t − x̃s
∥∥2

2

]
(11.1.3)

(Using Fenchel Young’s inequality for some βt)
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Using Equation (11.1.3) and Equation and upper bounding Rs+1
t+1 , we get

Rs+1
t+1 ≤ E

[
f(xs+1

t )− ηt
∥∥∇f(xs+1

t )
∥∥2

2
+
Lη2

t

2

∥∥vs+1
t

∥∥2

2

]
+ E

[
ct+1η

2
t

∥∥vs+1
t

∥∥2

2
+ ct+1

∥∥xs+1
t − x̃2

∥∥2

2

]
+ 2ct+1ηtE

[
1

2βt

∥∥∇f(xs+1
t )

∥∥2

2
+

1

2
βt
∥∥xs+1

t − x̃s
∥∥2

2

]
≤ E

[
f(xs+1

t )−
(
ηt −

ct+1ηt
βt

)∥∥∇f(xs+1
t )

∥∥2

2
+

(
Lη2

t

2
+ ct+1

)
E
[∥∥vs+1

t

∥∥2

2

]]
+ (ct+1 + ct+1ηtβt)E

[∥∥xs+1
t − x̃2

∥∥2

2

]
(11.1.4)

Using Equation (11.1.1) in Equation (11.1.4), we get

Rs+1
t+1 ≤ E

[
f(xs+1

t )
]
−
(
ηt −

ct+1ηt
βt

− η2
tL− 2ct+1η

2
t

)
E
[∥∥∇f(xs+1

t )
∥∥2

2

]
+
[
ct+1(1 + ηtβt + 2η2

tL
2) + η2

tL
3
]
E
[∥∥xs+1

t − x̃s
∥∥2

2

]
(11.1.5)

Recursively defining ct := ct+1(1 + ηtβt + 2η2
tL

2) + η2
tL

3, and Γt := (ηt − ct+1ηt
βt
− η2

tL− 2ct+1η
2
t ), we have

Rs+1
t+1 ≤ R

s+1
t − ΓtE

[∥∥∇f(xs+1
t )

∥∥2

2

]
=⇒ E

[∥∥∇f(xs+1
t )

∥∥2

2

]
≤
Rs+1
t −Rs+1

t+1

Γt
≤
Rs+1
t −Rs+1

t+1

mint Γt
(11.1.6)

Defining γn := mint Γt and initializing cm := 0, ηt = η >=, βt = β > 0. Therefore

Rs+1
m = E

[
f(xs+1

m )
]

= E
[
f(x̃s+1)

]
since x̃s+1 = xs+1

m

Rs+1
0 = E

[
f(xs+1

0 )
]

= E [f(x̃s)] since x̃s = xs+1
0

Telescoping Equation (11.1.6) from t = 0 to m− 1, we get

m−1∑
t=0

E
[∥∥∇f(xs+1

t )
∥∥2

2

]
=

E
[
f(x̃s)− f(x̃s+1)

]
γn

(11.1.7)

Summing Equation (11.1.7) over all epochs, we get

1

T

S−1∑
s=0

m−1∑
t=0

E
[∥∥∇f(xs+1

t )
∥∥2

2

]
=

E
[
f(x̃0)− f(x̃S)

]
Tγn

≤
E
[
f(x0)− f(x∗)

]
Tγn

Therefore with high probability xa will satisfy

E
[
‖∇f(xa)‖22

]
≤

E
[
f(x0)− f(x∗)

]
Tγn

(11.1.8)

If we choose η := µ0

Lnα for 0 < µ0 < 1 and 0 < α < 1, β = L
nα/2

, m = bn3α/2/3µ0c. Using the recursive definition of
ct and that cm = 0, we will have

c0 =
µ2

0L

n2α

(1 + θ)m − 1

θ

where θ := 2η2L2 + ηβ =
2µ2

0

n2α + µ0

n3α/2 ≤ 3µ0

n3α/2 . Therefore we have

µ2
0L

n2αθ
=

µ2
0L

2µ2
0L+ µ0nα/2

=
µ0L

2µ0L+ nα/2
≤ µ0Ln

−α/2

And

(1 + θ)m − 1 =

(
1 +

3µ0

n3α/2

)bn3α/2/3µ0c

− 1 ≤ e− 1
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Therefore c0 ≤ µ0n
−α/2L(e− 1).

We are still left to lower bound γn

γn = min
t

(η − ct+1η

β
− η2L− 2ct+1η

2)

≥ (η − c0η

β
− η2L− 2c0η

2) ≥ ν

Lnα

where ν is a universal constant depending on µ0 that can be calculated.
Now the Equation (11.1.8) becomes

E
[
‖∇f(xa)‖22

]
≤
LnαE

[
f(x0)− f(x∗)

]
Tν

From Corollary 2 in [7], the number of calls to the stochastic sub gradient oracle per iteration such that the output
of the SVRG algorithm is an ε-first order stationary point is

IFO calls =

{
O
(
n+ n1−α/2

ε2

)
if α < 2/3

O
(
n+ nα

ε2

)
if α ≥ 2/3

That is, for α = 2
3 , we have a per epoch iteration complexity of O

(
n+ n2/3

ε2

)
that is better than previously discussed

bounds of both Gradient Descent and SGD in the non-convex domain.
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