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This article focuses on one of the open questions put up by Léon Bottou [1] in 2009 where he observes a contrasting
behavior in the performance of Stochastic Gradient Descent (SGD) when the strictly convex component functions
of the objective function are chosen without replacement in comparison to when they are chosen with replacement.
When sampled without replacement, observations suggest that the convergence rate in expectation is very close to
t=2 where t is the number of iterations of SGD under the choice of sampling. From the light of the theoretical works
associated with stochastic approximations [5], stochastic algorithms that converge faster than ¢t~! is very surprising.

1 Problem Setup

Consider the standard finite sum optimization problem
1
F(x):=— 30 1.1
(x) = > flxid) (1)

where f(-;4) : R? — R is the i-th component function. The goal is to find the minimizer of F on a closed convex
set W C R%.

in F’ 1.2
min F(x) (1.2)

The vanilla SGD update can be written as
Xt+1 = HW (Xt - ’I’}tVf(Xt, lt)) with Xp = 0 (13)

where i; is selected uniformly from [n] with replacement yielding E;, [V f(x¢;4:)] = VF(x¢), n: > 0 is the step size
at t-th iteration, and Il is the Euclidean projection operator on the set W.

We can also consider a similar version of SGD where for every pass on the data, i.e., for every epoch, a random
permutation oy, : [n] — [n] is chosen uniformly, and the i-th update of the k-th epoch is performed along negative
gradient of the o (i + 1)-th component of F. Concisely,

xF =y (xF — i V(xE o(i + 1)) Vic[n],ke[K] and xk :=xF"1 x} =0 (1.4)

where 75 ; > 0 is the step size of the i-th iterate of k-th epoch. This algorithm is nothing but SGD without
replacement where the algorithms passes over the data on a random permutations.

2 Related Works

There have been works which show that the convergence rates of SGD without replacement after K epochs behaves
as O (1/k?) [2], where the sub-optimality of SGD is known to be O (I/nk) and is known to be tight. [3] improves
upon the results of [2] showing a sub-optimality bound of O (}/n?k? + 1/K?). However, these works require Hessian
Lipschitz, gradient Lipschitz and strong convexity assumptions on F. In contrast, SGD’s rate of O (1/nK) only
requires the strong convexity assumption.

This article refers to a recent work [4] which try to answer the question - Does SGD without replacement converge at
a faster rate than SGD with replacement for general smooth, strongly convex functions without the Hessian Lipschitz
condition?.

The domain of interest is when the number of passes over the data is small. [6] consider a single pass of the data
and show that for generalized linear models, the sub-optimality bounds are similar to that of SGD which is O (1/n)
and O (1/yn) for convex functions with and without strong convexity respectively.



3 Discussion and Analysis

One of the major challenge is due to the fact that sampling without replacement leads to coupling between iterates
and the gradients, and in expectation, the update does not follow Gradient Descent (GD), i.e.,

E [V xFop(i+1) | xF,0(1:0)] #VF(xxF) Vi>1Vk>1 (3.1)

Let x* be the minimizer of F' over WW. We consider that the component functions are twice differentiable, uniformly
G Lipschitz and L smooth over W. Let us have following set of assumptions

1. Lipschitz continuity - 3 G > 03 [|[Vf(x;1)||, < G Vx € W,i € [n].
2. Smoothness Gradient Lipschitz - 3 L > 03 |V f(x;i) — Vf(y;i)|l, < L||x—yll, Vx,y € W,i € [n].
3. Strongly convex - 3 4> 03 F(y) > F(x) + (VF(x),y —x) + 5 [ly — X||§ Vx,yeW.

The condition number of the problem (1.2) is defined as & := L/u. We also denote the distance of the initial point
x} from the optimum by D := ||x§ — x*||2.

3.1 Rates for GD and SGD

It has been shown that GD satisfies the below rates under the above discussed assumptions for K iterations

1. With assumption 1: O (GP/VE).
2. With assumptions 1 and 2: O (£D*/k).
3. With assumptions 1, 2 and 3: O (LD?e~"/~).

Similar tight rates have been shown for SGD as well. Here K passes over the data implies T = nK IFO calls.

1. With assumption 1: O (GP/VrK).
2. With assumption 1 and 3: O (G*/unk).

3. With assumptions 1, 2 and 3: Variance reduction methods of SGD like SVRG, SAGA, SAG and SDCA achieve
faster rates of convergence.

None of these results apply to SGD without replacement due to the dependencies between iterates and the gradients.
[7] show that for a small enough step size, the distribution of iterates of SGD without replacement converge closer
to the optimum than the iterates of SGD.

3.2 Coupling and Wasserstein distance

The main problem with the classical analysis tools for SGD with replacement when applied to SGD without
replacement is that because the iterates are dependent, E [f(x¥;04(i +1))] # E [F(xF)]. However the two can
be shown to be comparable. It can also be shown that in expectation, SGD without replacement over one epoch
approximates one step of GD applied on F'. Therefore K epochs of SGD without replacement would approximate

GD after K iterations.

n—1
Kb = xh = 30V 004 1) (3.2)
=0
If x¥ ~ x§, the above equation implies
n—1
X xg —me Y VF(xG 0k (i + 1)) = xG — ngp VF(xg) (3.3)
i=0

To show both the claims, consider two independent permutations oy and o}, after k epochs of SGD without re-
placement. Starting from xf, denote the iterates of k-th epoch with o as (x;(0%));_; and with o}, as (x;(0}));, .
Therefore (x;(ok));—; and (x;(0},));—, are independent of each other and identically distributed. Which implies

E[f(xi(0}); ok(i +1))] = E [F(x7)] (3.4)



Therefore we need to show that E[f(x;(0});0k(i +1))] — E[f(x;(0k);0k(i +1))] ~ 0. Since f(-;7) is Lipschitz
V j € [n], so a bound on distance between x;(o%) and x;(07},) is required.
To prove the above claim, we need to set up some more notation and definitions. Let D; ) = L(x;(0%)) and

’Dz(rk) = L(x;(o) | ox(i+ 1) = r). Here £(X) denotes the distribution of the random variable X. Let Lip,(f)
denote the set of all 8 Lipschitz functions from R¢ — R.

Definition 3.1. Let P and @ be two probability measures over R? s.t. Ex.p [||X||§} < ocoand Ey~q [||Y||§} < 0.

Let X ~ P and Y ~ @ be random vectors defined on a common measure space, then the Wasserstein-1 and
Wasserstein-2 distance between P and @ are defined as

Wi(P,Q) =  inf E[|X Y]], and (35)
X~PY~Q

Wa(P.Q) = inf [E[IX 3] (3.6)
X~PY~Q

respectively. Here the infimum is over all joint distributions over (X,Y") with prescribed marginals.

From Jensen’s inequality, we have Wy (P, Q) < Wh(P, Q). There is a fundamental characterization of Wasserstein-1
distance from Kantorovich’s duality as

Wi (P,Q) == e Efg(X)] - E[g(Y)] (3.7)

We can now use the above definitions and characterizations to show that the approximation error
‘IE [F(xE)] = E[f(xi(ok); o0 (i + 1))H is bounded in terms of the average Wasserstein distance between D; ; and

D).

E [F(x})] = E[f(xi(o%); 0% (i + 1))]]

E l; Zf(xi(a’k) liz (xi(ok);r) | op(i+1) = T]

*ZIE (xi(03,); )] = E[f(xi(on);7) [ on(i+1) =7]]

I A

n

i; e (E[g(xi(0%)] — Elg(xi(ow)) | on(i+1) =7])

G "
= > Wi(Dis DY)

r=1

IN

G & "
<z D; 1, D! .
< YWD, DiY) (38)

r=1

We are now left to bound Ws(D; i, Dgrk)). From the definition of W,, we have

)

Wi (D; 1o, DIY) < \/E {sz‘(ffk) - Xz‘(U;Q-)H;} (3.9)

such that x;(o) ~ D, and o}, is such that o}, (i + 1) = r. Since (3.9) holds for all o}, with this property, consider
the permutation which is obtained from oy by swapping at most one pair such that o} (i + 1) = r holds true. Let
J <1, and first assume oy (j + 1) # 0. (j + 1), then

1%j41(0n) = Xj1(0p) Iy = T (x5(0%) — ki V f(x5(0n); 005 + 1)) = T (x5 (%) — 1k, V f(x5(03,); 03, (G + 1))l
< Ixj(on) = x5(0%) = nk,i (VF(x5(0n); 005 + 1)) = Vf(xj(0%); 06 + D),
< xj(ox) = x;(0p)ll, +2Gnk
< [xj(on) — x5(05)ll, + 2Gnr0



If op(j+1) = 0p(5 + 1),

;41 (%) — %51 (03 15 = [T (5 (0) — m0i V£ (5 (00); 0k (5 + 1)) — Ty (3(0%) — 10V £ (x5 (04); 01 GG + D)3
< lx;(0%) = (o) — mei (VF (x5 (00); 00 + 1)) = VF(x;(0h); 01+ D)
= |Ix;j(or) = x; ()15 — 23 (Vf(x(0n); 0. + 1)) = V(x5 (0}); 00 (G + 1)), x5 (0k) — x;())
+ 02 IV L5 (o) on (G + 1)) — V(% (04); 04 (G + D)5
< |Ix;(ok) — x;(0})l3
— (2i — L0} ) (VF(x(0n); 0k + 1)) = VF(x;(01); 01 (G + 1)), %;(0%) — %;(0})
< lIx;(ox) —x;(o})ll3 (if Mk < 2L, then (2nx; — Lng ;) > 0)

= [xj41(0%) = xj11(0p)lly < lIx;(0n) — x;(a2) I, (3.10)

Since [{j <i|ok(j+1) # 0,,(7 + 1)} <1, we have

Ixi(ox) = %i(07) |y < 2Gnk.0 (3.11)

Using (3.11) in (3.9) we have
Wi (Dy e, DL})) < 2Gi o (3.12)

Using (3.12) in (3.8) we have
|E [F(x})] = E[f(xi(on); ok (i +1)]] < 2G%ne0 (3.13)

thus proving the claim.

We have now seen that the iterates of SGD with and without replacement are close in sub-optimality. SGD without
replacement also has a property of variance reduction in some sense. We will now see that the iterates x¥ do not
move much when they are close to the optimum. Let X € {xlg , x*}, which implies that it is independent of oy

551 = R|2 < [[xF = 5 = 20 (V< 000 + 1)), x5 — %) + 177 ,G?
< |IxF - il{z + 2m,i (f (50w (i 4 1)) — f(Xf; or(i +1))) + 13 ,G?

— E[|lxy — %[5] < B [k - R[3] + 526?420 [ onli 4+ 1) — £k 0(i + 1))
= [l — &3] + 20 [F) — 70000+ 1))] + 2,62
= E [||x} = x[[5] + 2B [F() = F(xb)] + 20 [F(xk) = [ (x5 00 + 1)] + 2,62
<E[||xt = %|2] +20E [F(%) — F(x5)] + dnpomeiG> +172.,G>  (Using (3.13))
< [~ %3] + 20 [FR) — F(<)] + 502 oG
)

o] 2B [F (%) = F(x)] + 597 4G (3.14)
For x = x£, we have
E [k —x§[;] < E [y —xblly] + 2m00E [Foxh) — F(x)] + 5 462
< 5ing oG” + 2ink o [F(x§) — F(x*)] (3.15)
And for x = x*, we have
B[k =] <E[[xky = x7[5] + 502 o6

< [lx - x*|[5] + 5t o2 (3.16)



4 Convergence analysis

Theorem 4.1. Suppose F' satisfies assumptions 1-3. Fix I > 0, and let the number of epochs K be such that

K > 32Ik?log(nK). Letny,; =n:= 422 10sK) " The the following holds for the tail average X :=

pnk
of the iterates: , ) ,
E[F(X)] — F(x*) <O ((‘;g)l) +0 (“MG (logé;ff)) >
Proof. The update of SGD without replacement for the k-th epochs can be written as
n—1
xgth =xg —n)_ Vfxtioni+1)
i=0

Subtracting x* on both sides and taking the squared Euclidean norm, we get

n—1
> VIxFion(i+1))

n—1
b =7l = [ = x5 =20 > (Vi 0i + 1), x6 = x7) +
1=0 1=0
n—1
= ||xh — x*||; = 20n (VF(x§),xb —x7) =20 Y (Vf(xF;0u(i + 1)) — VF(xE),
1=0
n—1 2
> VI ok(i+1)
1=0 2

n—1

1 Kk'
TR 2 X0

k=T7%/2]

(4.1)

2

2

xk —x*)

< (1= ) | — "3 — 20 (F(k) = F(x*)) = 20 > (VF(xFs 000 + 1)) = VF(x), xb — x*)

i=0
n—1 2
21D Vil on(i+1)
i=0 2
We shall analyze terms of Equation (4.3) individually.
n—1
T, := —2n Z <Vf(xf;0k(i +1)) — VF(xF),xb — x*)
i=0
n—1
=2 Y (Vf(xFou(i+1)) = VI(xE;0x(i + 1), x5 — x7)
i=0
= E[T1] = —27E Z Vi op(i4+1)) = V(x5 on(i+1)),x5 — x*>1
i=0
n—1

< 200 3B [ = sl I ]
<2013 o - 1E] o s 1]

< 2nLny/E {fo - x’é”ﬂ \/5n772G2 + 2nE [F(xf) — F(x*)]

uE [||x5 = x5]3] , ALGUIG? + 2B [F(xh) — F(x)))

<L
< nLn 0 p

23,2712 272,,2
= 2R [||xk - =53] 0BG ST L g e - F(x)]

(4.3)



Now consider

n—1 2

S VF (ks (i + 1))

=0

2
2

3 VI (ekioui + 1)~ Ve 04(i 4 1)

2

n—1 ’
= lz va(xf;mc(i +1)) = Vf(x"50n(i + 1))"2]
i=0
2

SnQLQ l

n—1ln—1

:772.[/2

i=0 j=0

n—1ln—1

E[1] < L2 Y D E [[xk = x|, [x} =,

i=0 j=0
n—1ln—1

<35\ fe [l -] I )
i=0 j=0

< n?L*n? {IE {Hxlg - x*”ﬂ + 5nn2G2} (4.5)

Plugging in (4.4) and Equation (4.5) in Equation (4.3) we get

. 3 . 4nnL? .
[kaH x H;] < <1 - % + 772n2L2> E [ng - X H;] —2nn (1 - nz ) E [F(x’g) — F(x")]
20L%n3n%G?
+ P —

BTG (4.6)

Since n = 41%7"?) and K > 32112 log(nK), we have that (1 — 222 4 522 L2) < (1 — ) and (1 — %) > 0.
Plugging these inequalities in (4.6) we have

2,,3,,2¢2
E [ = x3] < (1- 2 B [ - ] + 2ELE syt

< (-3 e bl + Z(l—%) P e

nknu 1 ) 4OL277271G2 1072 L2G?n?
< exp (—2) E [HXO — x| 2} + 2 + p (4.7)
With n = 41105517"[?) and k = K/2 Equation (4.7) becomes
2 1 2 40L%°nG? 103 L2G?*n?
E|[xa” x| | < B [lxb - x"Il3] 48
[ %o X, = (nK)! [0 — x5 | + 112 + [ (4.8)
From Equation (4.6) we also get
20L21*n?G>
E [ng""l - x* ;} <E {ng * ﬂ —nE [F(x§) — F(x*)] + i/ ML S 5n*L2GPn? (4.9)
Summing Equation (4.9) from k = K/2 to K, we get
> B[R - i
E | F(x§ [ 2 }
k=[K/2] 2 20L2n3n2G? 4722 3
< L 4.1
K55 + < “TRAT 1 +5m°L°G*n (4.10)



From convexity of F', and using (4.8) in (4.10) we have

E [Hxl - x*|ﬂ 2.2 2722 2.2 2
. . 2 0 2 80L*nG 20n°L°G*n  20L*n°nG 37949 9
_ <
E[F(x) — F(x")] < WK mK)! 2K + K + +5m°L°G*n
uD? k2G? (log(nK))?
= = 4.11
O((nK)l>+O< po nk? (1)

O

From the above proof, we can trace back the source of the improvement to see that the variance reduction claim is
indeed crucial.

We see that ones K € Q (/{2), the convergence rate for SGD without replacement gets strictly better than that of
SGD with replacement. Theorem 4.1 requires K € §) (/<;2), but the rather interesting regime is when the number
of epochs is relatively smaller. It can be shown that SGD without replacement is at least as good as SGD with
replacement for all K € N.

Theorem 4.2. Suppose F' satisfies Assumptzons 1-8, and let n; = n = min ( llog ) for a firedl > 0. Then

the tail average X := m Z Z x¥ satisfies

k=TK/2] i=0
) . uD?>  LD? G2 262
E[F(x)] - F(x*)=0 ((nK)l + CTOLE +0 K log(nK) + W(lognlf)2 (4.12)

Proof. Writing the SGD without replacement update and taking Euclidean squared norm on both sides, we have

fo-‘rl —x" |z = fo -x" i_ 277 <Vf(Xi€,0'k(Z+ 1))7Xf >+77 va Xz70k 1+ 1 H2
- i—zn<w<xiﬂak<z+1>>7xf x*) + 112G
* ;—277<VF(Xz ), x x*>—|—2n<VF ) Vf(xl,ak(z—l—l)) x —x >—|—772G2
< (1) ' §—2n<F<xi> — F(x")) + 20 (VE(x) = V(b5 o0 (i + 1)), xF = x*) +7°G?
(4.13)
Define R;j, := (VF(x¥) = Vf(xF; 00 (i + 1)), xF — x*).
n—1
Ry i;<Vf(xf;r),xfx*> <Vf(xz,ak(z+1)) x —x >
n—1
= ZE (Vf(xFr),xF—x >]i;EKVf(xf;r),xfx*>|0k(i+1)7"] (4.14)

The above equality not just holds for (x¥,x¥ | ak (i 4+ 1)) but also for any other pair of random variables (Y, Z,.)

which follow marginal distributions D; j and DE « respectively. The equality doesn’t depend of their coupling so we
can take an advantage of it.

nl

S E[Rig] =~ ZE (VIY:7).Y =) = (Vf(Zi1), 2 = x")]

nl

:fZIE (VIY;:r) =V f(Zur),Y —x*) + (Vf(Z;7),Y — Z,)]

n—1
< 3 S EILIY 12 =+ Gz =V
-1
w2 2
< 1S nfm iy - o12)yfB 12, - viE] + GBIz - Y1) (115)



Inequality (4.15) holds for all couplings between Y and Z,., so we can take an infimum on both sides to have

ZLWQ( o DU ) B (12, = Y1) + 60 (Dir D))

L2 12 W w2
< ﬁgz e (P DR) |+ B [l =7

22,2

} +OW, (Di,k, 1753}3) (AM-GM inequality)

* ﬂ +2G2 (4.16)

Using Equation (4.16) in Equation (4.13), we get

8L2 G2,,73

E[[xk —x[l3] < (15 E [Ixk = x*|[5] - 20B [Fxb) = Fx)] + + 4GP

22,3
< (1- Ve [t —X*Hﬂ 4 8L fj T4 acPy

L . [8L2G2 Ui 2,2
11— 27 1% R I e ITERY
<(1-%)" I >~ (-4) [
k 16L2G2 2 8G?
< exp ( "”2 ") D* + ot U (4.17)
For k > £ (4.17) becomes
o112 D? 16L2G*n?  8G*y

E [k, —x[)] < Rttt (4.18)

Separately we also have
xten =7l = Ik = x5 = 20 (VA el onli + 1)), % X*>+772||Vf(xf:0k(i+1>>||§
< Hx -x ||2 —2n(Vf( xFop(i+1)),x —x") +n?G?
E[[xk —x*[3] < B [|lxk = x*[3] +n°G2 = 20E [F(x}) = f(x*5 06 + 1))] + 20E [F(xF) — flxks o0+ 1))]

<E [Hxi‘ - x*l{ﬂ — M [F(xF) — F(x*)] +57°G*>  (Using (3.13)) (4.19)

‘“?T‘ ‘“?T‘

Summing Equation (4.19) for 0 <i<mn—1, [% <k< KL we get

x) — X* 1 Xlﬁ o X*
BIF() - FOO) < e 1) k_%;m;]E[F( = F(x7)]
1 el 2], B
= 2nn (K — [K/2] + 1) [ X —X 2} + 577G2 (4.20)

Using (4.20) in (4.18) we get

1 D? 16L2G?n*  8G?n] 5

E[F(x) — F(x*)] < 9 ~2

F&) - PO < o [+ PR 500 By
(4.21)

USing % % + W and n= Mzii(;;m, we ﬁnally get
. . LD? uD? G?log(nK) L*G?log(nK)
E[F(x) - F(x")] <O s . o + T3 3 (4.22)
(nK) (nK) unk w3n?K

O



It is to note that the above theorem is even true for small K. In the regime where nK > k2, the rate essentially
2
boils down to O (%ﬁ?m) which matches the rate of SGD with replacement up to log factors.

When there is no strong convexity, it can be again shown that SGD without replacement is at least as good as SGD
with replacement.

Theorem 4.3. If F satisfies Assumptions 1-2, the step size n = min (% D ), the average iterate of SGD

GvnK
K n—1
without replacement & == - 3> > x¥ satisfies
k=1 i=0
D?L  3GD

E[F(2) - Fx")] < — + — 4.2

[F(@) -~ ) < o+ e (423)

Proof. Summing Equation (4.19) from k=1 to K and ¢ = 0 to n — 1, we have
1 K n—l
E[F(2) - F(x")] < — K Z - F(x"))
=1 1=O
? 2

<E -
- 2nnK TIG

D ma: £ Gvnk —|—£min 2 7D
=K T\ 27T D 2 L’ GVnK

D? (L GvVnK D
< 3+ > +5&

2nK D 2 Gw/

D?L  3GD
< — 4+ — 4.24
<ok T LK (4.24)

O
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