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Large scale optimization has been driven mostly by Stochastic Gradient Descent (SGD) based algorithms especially
in machine learning problems. The interplay between optimization and generalization is therefore crucial. Under
stochasticity, the generalization error can be broken down explicitly into two quantities, “Bias” and “Variance”.
Here is an attempt to help the reader understand the operator view-point of analyzing iterative optimization algo-
rithms, one of the critical mathematical tools involved in their tight analysis. The authors analyze Averaged SGD
on a simple toy model - Least Mean Square. The article is based on the novel techniques developed in [1].

A detailed asymptotic analysis of the averaged constant step size SGD algorithm for Least Mean Square has been
done in [1] which has been presented in this article. We will first set up the problem and the algorithm formally for
the reader’s convenience.

1 Problem Setup

Throughout the article, we will follow certain conventions listed below.
e If x € R? and y € R are random variables, we denote H = E [XXT] as its second order moment matrix.
e The smallest eigenvalue of H is ¢ and is assumed to be strictly positive. Therefore, H is invertible.

e M(R?) denotes the set of all linear operators over R? which is isomorphic to the space of matrices in R?*¢,
and similarly Z = M(M(R?)) denotes an endomorphism on the space of matrices over R?. Therefore if
T € I, then it can be thought of as a matrix of matrices that is essentially in R*@>dxd  Just like matrix
multiplication, we can define tensor-matrix multiplication as

(TA) = > TapwnArl (1.0.1)
(k,1)€[d] x[d]

where A € R¥*4,

e We can define operator norms of tensors restricted to symmetric matrices with respect to Frobenius norm as

1T op = sup ITVIp (1.0.2)

VEeSR), ||V p=1
where S(R?) is the set of all symmetric matrices on R9.

e We denote 77, and Tx as the left and right matrix multiplication operators respectively of the matrix T € R?X¢,
defined as

v (i,7), (k,1), (TL) iy, (kt) = 05,0 i
v (i, 5), (k, 1), (Tr)(i5), (k) = 06k Tjs
One can use the tensor-matrix multiplication definition (1.0.1) to show that the above definitions of 77, and
Tr of left and right multiplication operators of T satisfy
ToA =TA
TrA = AT
(1.0.3)



e Let a linear operator on matrices be defined as
MA =E [(XTAX)XXT] (1.0.4)
then the elements in M can be written as

Mg p =E [X(“X(j)x(’“)x(”} (1.0.5)

making M, the fourth order moment tensor of the random variable x € R¢.
e Define T =Hyp + Hr — nM with pup its smallest eigenvalue.
o pr = T=nTl,ps pu = [T —nH]|,, and p = max {pr, pu}.
® 7max is the supremum on the set {n > 0} verifying, V A € S(R%), 2Tr [ATHA} —nE [(XTAX)Z} > 0.

The below facts can be shown as shown in [1] as lemmas.

2
1. TIhmax S ma

2.1T-nT > —Iwhend>1, and I — 7 = 0 when d = 1, when 0 < 7 < Nipax,

3. T}OWheHO<nS7]max)

4. When d > 1 and 0 < 1 < Nax, Wehavepgl—Qn(l—n:’?),if1> 1 Z%andpgl—nuotherwise.

TImax

When d = 1, we havepgmax{|1—nu\,1—2n(1— 4 )u} In any cases p < 1 as soon as 7 < Nmax-

TImax

The Least Mean Squares problem is to minimize the expected quadratic loss
1, r 2
fw) =E |3 [x"w — ]|, (1.06)
Let w* be the optimum solution to the problem (1.0.6). Because H is invertible, so f(w) has a unique minimum
that is f* = f(w™*). The problem has 2 regimes based on the size of the domain of the random variables x and y.
1. Single pass through the data, where each example is seen once and considered as an i.i.d. sample.

2. Multiple passes through the data, which is of interest when the number of data points is finite.

The first case is explicitly studied in [1] which we discuss in detail from here on.

1.1 Averaged SGD with constant step size

Let wo € R? be an initial point and at each iteration i, we sample an i.i.d. instance (x;,y;) of x and y respectively.
Let n be the constant step size for an SGD update

w; =W,_1 — )V f(Wi—1; X3, Yi)

= w1 — X (X] Wit — Y;)
W 1 zZ:
W; = - )%
i+1 k

k=0

1 1
= —W; + —W,;_ 1.1.1
it v (1.1.1)
Let us define a few more variables
o g =x!w*—y, = Elg;x;] =0 since Vf(w*) =0.

L] AZ':WZ‘—W*,AZ':V_Vi—W

*



Therefore we get

A; = (I — nXiXZT)A2;1 + neix; (1.1.2)
an operator style of writing a recursive update rule.
. T
J
Let us introduce My ; = | [] (I — nxixlT) € R4 as a compact matrix operator acting on the terms in (1.1.2).
i=k+1

Upon unrolling the recursion (1.1.2), we get

A, =1 Z My, nXper + Mo no

k=1
n n—1 j 1 n—1
A, = E Mk’jxksk + E Z MO}jAO
j=0 k=1 =0
n n—1 n—1 1 n—1
== My | xpep + — M, ;A Re-arranging summations 1.1.3
n 2 jzk kg | Xk€k n;} 08  (Re-arranging su ions) (1.1.3)

We can clearly see that the error A,, can be decomposed in two terms, one dominated by Ag and the other depending
on the noise €;’s. The cross term in E [AnAﬂ can be separately written as

%E [Mk,jxkskAOTM()’p] (114)
When p < k, then we take the expectation inside and write the above term as
n n
E]E [Mk’jxk&‘kAgMo’p] = ﬁMk,jE [XkEk] AgMO’p =0

Else, x;, appears in My, and we will have a term that can be expressed as G (IE [xkskAOTxkxﬂ) where G is a linear
operator, which is 0 as soon as

V1<ijk<d, E [X(i)x(j)x(k)g} ~0
Because we consider the least squares problem, we have

fo— 1" = 5[50 — W) 7B o] (w, — w?)] = Tr [HE [A,A7]] (1.15)

Since we want a Bias-Variance trade-off, we achieve it by considering two scenarios
1. The bias term AP which is the covariance matrix when ¢; = 0 V 3.

Avariance

2. The variance term which is the covariance matrix when we start at the solution itself, Ag = O.

Therefore,
fn _ f* _ T]." [HAbias] 4 TI‘ [HAvariance] (116)
Even when it is not true, we can still use Minkowski’s inequality to have

f;clotal _ f* S 2(f15)1a§ _ f*) 4 Q(f;zariance _ f*) (117)

1.2 Bias term

Assuming ; = 0 V 4, we have

n—1

~ 1

Ap, = o ZO Mo,; Ao (1.2.1)
j=



Therefore,

o 1 n—1ln—1
E[A,A7] = — > E Mo AcATMG ]
i=0 j=0
1 n—1 n—1 i—1
_ EZ E [ Mo AATME, + 3 Mo, A0ATMEM?, + 37 M, ;Mo A0ATME,
i=0 j=i+1 j=0
1 = TasT = TasT j—i = i—j TasT
- E [Mo;AoATM{,] + > E [Mo;AgAIMG, ] (T—nH) ™+ (I - nH)"7E [M, ;A0 ATM{ ]
i=0 j=it1 =0
_1N E [Mg;AgATMT S E [Mo;AgAITMET (I — nH)T—!
=z Mo AgA] o,i]JFZ (Mo AgAf o,i](*n)
i=0 j=i+1
Z (Z (I—nH)"E [My;A0AT MOTj])
=0 \ j=0
—1%11@1\4 AogATMT nl]EM AgATMT ] (T —nH)
=3 [Mo,iAoAg O,i]JrZ [Mo,iAoAg Mg ;] (I —nH)
i=0 j=i+1
n—1 n—1 o
+ ﬁ Z > (I—nH)"E [Mo ;80 ATMT ]
= _J+1
1 n—1 n—1 n—1 o o
== STE Mo AATME ]+ [ Y (B Mo 20ATME ] (T - yH)Y = 4 (I— nH) 7E [Mo;A,ATM] )
i=0 i=0 \j=i+1
1 n—1 n—1 )
=5 D _E[Mo;80ATMG, ] + > (B [Mo,; A0ATMG, | ((T—7H) — (T—yH)" ") (H) ")
=0 =0
n—1
+> ((H) ™ (X = nH) — 1T = nH)") E [Mo;:A0A; Mg, ]) (1.2.2)
1=0
To simplify (1.2.2) further, we can use the definition of 7. Let A be any matrix, then
E [(I - nxx, TYA(T — nxix] )} =A-n(AH+HA) +7°’E [(XTAX)XXT]
= (I—nHgr—nHL +n° M)A
={I-nT)A
E Mo 20ATMG, ] = (- 1T)& (1.2.3)
where & = AgAl. Using (1.2.3) in (1.2.2) we get
o 1 n—1 n—1 .
E[AAT] = 5 Y (=T €+ Y (L= nT) € (L-nH) (I - 7H)"~) () ™)
1=0 1=0
n—1
+ > ((H) ™ (T = nH) — (T —pH)") (T - nT)'&)
1 n—1 » B .
=5 > A=) &+ (T nH)n — (L= nH)5") ()~ X~ 1T)'&
1=0
+ 3 (=) — A= nH)E ") (M) (T~ 0T)'E
=0

|

|



= ig z_: (@=nH)p — T=nH) ") (fHL) "+ (A —nH)r — X —nH)} ") (He) '] X —nT)'&
1=0

(1.2.4)
We can now try to analyze separate term in (1.2.4). Let us define A,, as
1 = — n—1 — n—i 7
Ay = == 37 ()™ (= 05+ ()™ (= 03] (L= T (1:25)
i=0
Using (1.2.4) and ( ) we have
1< .
E[A,Af] = o) Z T+ @=nH)c(HL) ™" + X = gH)r(nHe) "] X —nT)'E& + A,
i=0
—1n11*111*111i5A
= 2 [T (L =) + (! D) | (L= nT)'E + A,
i=0
1 n—1 )
—3 (M +Hg — ] ;(I —nT) & + An
1 _ _ - n
= n2 (ML +HR =l T I = (= 0T)" & + Ay (1.2.6)
Defining B, as
1
B, = e (H' +He —nd] T X —0T)"& (1.2.7)
Using (1.2.7) in (1.2.6) we get
1
E[A,AT] = pEne (H +HR —nI] T &+ Ay + B, (1.2.8)

We will now analyze the Frobenius norms of A, and B,, and show that they decay exponentially.

n

Al = = | S [e) ™ (= 0+ Opa) ™ (L= )] (= T )&
=0 F
< S [l @+ () A= )] (= TV
=0

(i r) ™ @ = )5 (T = nT) &l p + [|(nHL) ™ X = nH)7 (T —nT)" &l

IA
3M‘ —

s
Il
=)

1 — n—i [ 1 — n—1
[ 2" g 1T =m0l ™ 1T = 0T e ol 2 IR o I = 02015, I =0T, Nl
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From the definition of operator norms of tensors

Al AR, AL E ’

He'| = [#e Al F < 2 F = |1t - 1.2.10

Hallon = 208 AT, 3% AL, SRR AL, RS, (1210

21 [HL Al Al HT AL Ly ]

_ — = [|H < = 1.2.11

Ptlon = s a2 AT, <2 A k=g (.21
Combining (1.2.10) and (1.2.11) we get

_ d+1 2d
7R op + I ], < e (1.2.12)



Using (1.2.12) in (1.2.9) we have

2dp™
[ (1.2.13)
nnp
Assuming n < [ ] < % < % we have HHL + HR - nIHOp < (% — 77). Therefore, we can bound the Frobenius
norm of B,, as
dp™ (2 )
Billp £ =—— | —— & 1.2.14
IBullr < o (5 =) &0l (1214)
Using (1.2.13) and (1.2.14) we get
dp™ 1 2
14, + Bal < - ( + ( —n)) (1.2.15)
nmo\p o nprn \H

Therefore if p < 1, then term A, + B, goes to 0 exponentially. Then (1.2.8) becomes

1 _ _ _ "
T _ 1 1 1
Asymptotically we can write the bias term as
lim n*Tr [HE [AAj]] = lim Tr o HH +Hy - nI)T*EO}
= ?AOTHAO (1.2.17)

1.3 Variance term

Consider stating at the solution itself, i.e., Ag = 0, then we are only left with the variance term that depends on
the distribution of ;’s. In that case re-writing (1.1.3),

An:ﬁnil nileJ XkEL (1'3'1)
=1 U=k
Therefore,
2 n—1 n—1
E[AHAZ}Z%E 3 ZM,W xpe2xl ZM (1.3.2)
k=1

For notational simplicity, let us denote X = x,e2x7. Then we can re-write (1.3.2) as

o n—1n—-1n-1

B (8,81 = 1 30 Y S B My, mME,)

k=1 j=k p=k
772 n—1 [ n—1
=3 > OE MMM+ > E M 2 M ML ]+ ) B [My 2 M
k=1 _j>p2k k<j<p =k
9 n—1 [ ] ) n—1
= Z— > I—nHPE M, 5eME) + Y E (Mg SeM ] (T— pH)P 7 4+ > E [My, 2:M] |
k=1 |j>p>k k<j<p =k
9 n—1 _nfl n—1 ‘ n—1 n—1
= ST @-gHY | E MM + S E M sME ] [ S @ - gy
" Lp=k \J=p+1 j=k p=j+1
772 n—1 [n—1
+ 2 Z ZE (M, MY ]
k=1 Li=k




2 n—1|n—-1 . n—1
+oa [ E [My,;2eMi ] [@—9H) — (T —gH)" ] (7H) "' + ) E [MwEka,z]]

n—1 |n—1
= % { [(I —nH) - (I- 77H)"’_p} (nH) (I - nT)p_kE()] (Where So=E [EQXXT])
k=1 | p=k
2 n—1 |n—-1 n—1
Ty [Z (L= nT)~*Eo [(T—nH) — X —yH)" 7] (fH) " + Y (1 —4T)' "%
k=1 | j=k 1=k
TS (@ Ty S0+ (L gH) — (L H) ] )L T )
k=1 j=k
+ % Z_: i (X =nT) %S [(T—nH) — (I—nH)" ] (nH) ']
k=1 j=k
g n—1 j
= LY [ =Ty %0 + [(1—nH) — (L yH)" ] (nH) ™ (L= 7))
j=1k=1
+ % i Z I —nT) "% [(I —nH) — (I—-nH)"~ J} (mH)™ ] (Re-arranging summations)
j=1k=
o n—1
= LS [T =T ()" + (= 7H) — (T gH)" ] (gF) [T = (L= T)7] (7))
j=1
2 n—1
+ 5> 1= @ =0T (T) " 8o (L H) — (L= yH)" ] (nH) ']
j=1
9 n—1
= L3 [T @y} Ty 0 + (A= s — (= 0] () [T (A= T V] (7)o
IS [ ) = )] )™ [ (7] (7Y
= LY - (TP )
+ T i [0 — @] )™+ [ ) — ()| ()™ [ (LT )] (050
: (1.3.3)
We can now try to analyze separate terms in (1.3.3). Let us define C), as
2 n—1 . 4
Cn="5 Z [ (I = M) (nHL) ™+ (L= M) (nHR)—l] I 0T (nT) ' 2 (1.3.4)

Using the definition of C,,, (1.3.3) becomes

E [A,AT] _%i I—(I—nT)] (7)) "' =0
%i X —nH)(HL) "+ A= nH)r(Hr) "] [T— XA —nT) ] (nT) 'S0 + Cn

7



n—1

= % I+ @X—gH)(HL) " + X —=nH)r(He) '] Y (I—T=nT))(0T) 'Bo+Cy

<.
Il

n—1
:%[I+(TIHL) I+ (pHe) T 1Y (T (T T)) T 180 + C,
j=1
n—1
[H +Hp 1—771] I-T-nT))T 'So+C, (1.3.5)

1

<.
Il

Let us define D,, as

n—1
1 _ _
Dy =-— (ML +HE = 1] Y (T —nT) T 'S

j=1
L e -] (A0 T) - AT TS (1.3.6)
2 UL rR —7 n Ui 0 3.
Further, lets define F,, as
E, = an [Hp' +He' —nI] @—nT)"T >, (1.3.7)

Using (1.3.6) and (1.3.7) in (1.3.5), we get
1 1
B[AAL] = D [HE + HE =] T80 — 5 (M + ! =il A=nT)T 2o+ Cut Bn (138)

We will now analyze the Frobenius norms of C,, and E, and show that they decay exponentially.

||cn||Fs”—2 H[I M) () ™+ (=) (i) ™ | (=T (0T) 7 35|

IN

% Z [T = o 27 ) ™ o T = T2, ) 1ol

”—2 Z [T — w2 6rR) ™ [ I = 0T 1 (0T 1ol

| /\

2772 10l [ o 17 g+ 175 o 17 )

p" -1 -1
< 1Bl [ o+ 15 )
2dp™
< 3 1.3.9
< 2Ozl (139)
Similarly,
1 - - o
[Enllz < P I[HL' +Hg! —nI] @—nT)"T 250 .
dp’}. (2 )
< = n) 1=l 1.3.10
nupn? \ 1 Hollr ( )
Using (1.3.9) and (1.3.10) we get
2dp dp’. (2 >
Cy+E, AT (2 ) =
I I < lr+ 2 \ %ol 7
i 2+ g ()
Yol | — + " 1.3.11
ISl |+ o ( (1311)



Using (1.3.11) we have
1 1 n
E[AnAL] =~ [Hp' +Hg" =l T2 — e [(Hi' +HR =L T—nT)T 2%+ O <’;) (1.3.12)

Taking limits we get

lim Ty [HE [A,A]]] ~E [ex"H 'x] (1.3.13)
Further if € and x are independent, and if E [52] =02, we get
lim nTr [HE [A,AT]] ~ do® (1.3.14)

n—0o0

which matches the Cramer-Rao bound for such a problem.
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